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6. Systems of linear equations
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6. Systems of linear equations
6.1 The problem
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Linear system of equations

Quadratic linear system of equations:
- amatrix A € R"*" and a vector b € R" are a given,
- compute a solution x € R" with

aiy - am X1 b

Anl e Ann Xn bn

Linear Algebra:

A system of lin. equations has a unique solution <  rg(A) =n
& det(A) #0
< Aisregular.
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Algorithms to compute a solution

Direct methods:
- compute the solution in a finite number of calculations,
- the number of calculations depends on the number of equations.

Iterative methods:
- theoretically an infinite number of iterations is necessary,
- generating a sequence (xo, x1, X2, .. .) for a starting approximation xo,
- the goal is convergence to the exact solution x*,

- the algorithm must be stopped, e.g. if the iterate x; is close enough to x* or if the
method fails.
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6. Systems of linear equations

6.2 Direct methods, Gaussian elimination
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Gaussian elimination

Idea of Gaussian elimination:

- transform the system in a triangular system of equations,

- the set of solutions remains unchanged if
(i) we multiply one equation by « # 0,
(i) we add a multiple of one equation to another equation,

- the algorithm consists of two parts, a forward elimination and a backward
substitution.
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Gaussian elimination

Forward elimination for a 3 x 3-example:

2 4 -2 6
1 -1 5 |x=[0],
4 1 -2 2
2 4 -2 6
1o =3 6 |x=|-3],
0 -7 2 ~10
2 4 -2 6
1o =3 6 |x=|-3
0 0 -—12 -3

— triangular matrix.
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Gaussian elimination

Backward substitution:

3. equation:
—12x3=-3 = x3=0.25,
2. equation:
—3Bx+6x3=-3 = xx=142x3 =15,
1. equation:
2% +4x —2x3=6 = x1 =3—2x2+x3 =0.25.
Solution:

0.25
x=1 1.5
0.25
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Gaussian elimination

Column pivoting:
- Select as a new output row the one with the largest leading absolute value,
- swap row i with row ¢ according to

laei| > laji| Vj=1i,...,n.

Possible results of the Gaussian elimination with pivot search:
- unique solution,

- appearance of an equation that cannot be solved,
then the entire system of linear equations has no solutions,

- parameter dependent solution.
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LU-decomposition

LU-decomposition:
- modification to solve several systems for the same A but different b,

- A = LU with
1 0 .o 0 i r2 s Fin
Ly 1 0 0 m 2n
L= 5 U= )
In R | 0O 0 - rm

- computation of a solution

Ax=L Ux =b = Lu=b, Ux=u,
<~

u

- every step of Gaussian elimination can be represented as a multiplication by a
matrix L;, withi = 1,2, ... ,n — 1 of special structure.

Mathias Sawall Introduction to Numerical Mathematics WS 25/26 169 /242



LU-decomposition

Algorithm for solving a system of linear equations:

1. decompose the matrix A by Gaussian elimination in LU,
2. forward elimination to compute y as

i—1
1 .
yi:L_,',' bi—ZLgyj y lZl,...,I’l,
j=1
3. backward elimination to compute x as

1 n
Xi = — P — E Uixi |, i=nn—1,...,2,1.
Uz Y =, JjiXj
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Computational effort

Computational effort of Gaussian elimination:
- counting the floating point operations (flops),
n — j divisions to compute the elimination factors l;, i =j+ 1,...,n,
2(n — j)* multiplications and subtractions to compute ay, k, [ =j+1,...,n,
- 2’ + in® — Inflops for forward elimination,

n? flops for backward substitution,
- LU-decomposition together with forward and backward elimination takes

23

3" + O(n*) = O(n’)flops.
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6. Systems of linear equations

6.3 Norms and error analysis
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Vector norms

Definition 6.1
A norm (or vector norm) inR" isamap || - || : R" — R, that satisfies the following
axions:

@) |lx]| > 0Vx, ||x]| =0« x=(0,...,0)" (positivity, definiteness),
@) ||Ixx|l = IA|IxI VA e K, x eV (homogeneity),
(iii) [jx+yl| < |Ix|| + |Iyl] Vx,y € V (triangle inequa/ity).)
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Vector norms

Often used norms:
- Manhattan norm

[l = e[ - Pl

- Euclidean norm

- Chebyshev norm

- p-normforp > 1
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Matrix norms

Definition 6.2

A matrix norm inR*" isamap || - || : R"™" — R4, which satisfies the following axioms:
1. Positivity, definiteness

Al 20, [Al=0&A=0 VAER™,

2. Homogeneity:
leAll = [clllAll, VA €R™", Vc€R,

3. Triangle inequality:

A +B|| < ||All + 1B,  VA,BeR""
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Matrix norms

Definition 6.3
A matrix norm || - || is called submultiplicative, if

IAB|| < [|A]l - 1B VA,B € R™".

Definition 6.4

A matrix norm || - ||u is called to be consistent (or compatible) with a given vector norm
- llv, i

lAxly < Al - lldlly VA € R™", vx € R".

Example: the vector norm || - ||> induces the spectral norm
lAlle = (p(A74))"" = (Amax (474))"
with p(B) being the spectral radius of B
p(B) = max [ X[,
where the \; are the eigenvalues of B.
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Matrix norms

Theorem 6.5

For any matrix norm || - || : R"™*" — R4 holds the inequality
p(A) < J|A]l.

Remarks:

1. For a symmetric A holds

IAll2 = Vp(ATA) = v/p(4%) = \/(p(A))* = p(A).

2. For an orthogonal matrix Q € R"*" holds

2ll- = v p(Q"Q) = Vp(I) = 1.
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Error analysis

Behaviour of errors during the Gaussian elimination:
- approximate solution and residual vector

X:=x+ 6y, r:=b— AXx,
- if A is exact and b is a disturbed right-hand-side, then

[0l
[l

—1y LIl
< [lAll- 1A lIIW-

Definition 6.6
Let| - ||m be a matrix norm and A a regular matrix. Then

acondy (A) := ||[A™"||u

is called absolute condition number and

condu(A) = lA ]l - 1A~ [

is called relative condition number of A.
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Error analysis

Theorem 6.7
It holds

1. cond(A) > 1,

2. cond(aA) = cond(A),
_ max = [[Ax]]

3. cond(4) =

min = [Ax]

Remarks:

1. A regular matrix with cond(A) ~ 1 is called well-conditioned.
If cond(A) > 1, then A is called ill-conditioned.

2. Each orthogonal matrix V € R"*" is of Euclidean condition 1, as

[Vxll3 = (Vix, Vie)o = X" VIV = x"x = x5,

condy (V) = [[VI2[[V™"l2 = 1.
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Error analysis

Perturbation of the system matrix:

- let b exact and A a disturbed matrix,
- we assume [[A~"[| - [|6a]| < 1,
- the relative error is

_ 184l
1ol _ A"l cond(4) Ty
\

\
— \
Wl = T=TAT60 ~ 1 cond(a) 1L

Perturbation of all data:

- let A and b are disturbed,
- the relative error is
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6. Systems of linear equations

6.4 Cholesky decomposition for symmetric matrices
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Symmetric matrices

Theorem 6.8 (Cholesky decomposition)

LetA € R™™" be a symmetric and positive definite matrix. There exists a unique
decomposition of the form
A=cc’

with C being an invertible lower triangle and positive diagonal entries.

Computation of C:

i—1
A--—E C? i=1 n
ii ij? PR EAS)
=1

i—1
1 ..
Cji:C_ii<Aji_ E CjkCik), j=i+1,...,n

k=1
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6. Systems of linear equations

6.5 lterative methods
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Iterative methods to solve systems of linear equations

Gauss elimination:
- direct method to solve systems of linear equations,
- computation of the solution after a finite number of calculations.

Iterative methods:
- starting with an inital guess,
- sequence of iterations, try to improve the approximation in each iteration,
- the matrix A remains unchanged,

theoretically an infinite number of iterations is necessary,

- hopefully the iterations converges to the exact solution fast.
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Iterative methods to solve systems of linear equations

Given:
- system of linear equations Ax = b,
- approximate inverse
B '~A™!

- starting vector
K0 e R

Iteration:
- iterationfori=0,1,2,...

KD — O 4 gt b - Ax(i)).
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Iterative methods to solve systems of linear equations

Jacobi’'s method:
- selection of B = D results in the iteration

(D =D L pT b —ax?), i=0,1,2,...,
- element-wise form

. 1 " .
N T &
ik e=1, £#£k

Gauss-Seidel’'s method:
- selection of B = L + D results in the iteration

DxtD = p - D RO i =0,1,2,...,

- element-wise form

k—1 n
Gy _ 1 (i+1) ()
X = — | br — E AreX — g AreX .
‘ Ak < =1 o o >

C=k+1
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Convergence of iterative methods

Convergence analysis:

- What means convergence?
- Under what conditions to the matrix does such an iteration work?

Definition 6.9
An iteration

D =D L g7 —AxD), i=0,1,2,... (5)

is called convergent, if the series of iterations converges to the solution x* = A~'b for
an arbitrary (!) starting vector x©.
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Convergence of iterative methods

Definition 6.10
A matrix A € R"™*" is called strictly diagonally dominant, if

lai| > > " lay| firallei=1,...,n. (6)
i

Theorem 6.11 (sufficient but not necessary condition)

Jacobi's method and Gauss-Seidel’s method converge in each case if the matrix A is
strictly diagonally dominant.

Remark 5

It is possible to reduce the condition to a weakly diagonal dominant matrix. This means

it only holds ,>“in (6) instead of ,>", as long as A is irreducible.
See, e. g. Barwolff, Himmerlin, Hoffmann, etc..
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Convergence of iterative methods

General analysis of convergence using error propagation matrix:
- exact solution x*,

- error for the new iteration

Ly = g=B'A) (P —x).
N———
error propagation matrix

Theorem 6.12 (Standard convergence condition)

The iteration from (5) converges if and only if the spectral radius of the error
propagation matrix is smaller than one, i.e. all eigenvalues are smaller than 1 in
magnitude.
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Stopping criteria

Stopping criterion:
- check x-congergence and stop the iteration if

@ (i—1)
G _ (-1 Hx X ”
2" = 2"V < eca resp. B Py < Exr
for suitable control parameters e, 4, €x.,, €. . £x,« = 107°,
- check the change in the residual and stop the iteration if
[Ax —b|| < &0 Tesp 7”“(0 — ] <e
f.a . HAX(';I) _bH firy

- stop the iteration if the number of steps is larger than a limit imax-
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Relaxation

Relaxation in matrix notation:

KD — O 4! (b— Ax(i))
= (I —wB'A)xY +wB'b.

Types of relaxation:
- w < 1 under relaxation (usual choice w = 2/3),
- w = 1 original method,
- w > 1 over relaxation.
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Convergence rates

Definition 6.13

For an iteration with
i+1 * i *
[x D — x| < Cllx? — %%

the integer q is called the order of convergence.

Linear convergence as

Dt = (1= B7'A) (2 — 7).

s s

A-priori error estimation:

C

k
K =5 < ol =5,

1

A-posteriori estimation:

i * C i i—1
e =" < =g e =5,
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6. Systems of linear equations

6.6 Conjugate gradient method for symmetric positive definite matrices
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Conjugate gradient method

Problem:
- let A € R"™*" be symmeytric, positive definite, so

AT =4, XAx>= forallx#£0,

- solve the system of linear equations Ax = b,
- common situation for (partial) differential equations.

Conjugate gradient method (1952):
- maximum of n iterations,

- all directions of search are orthogonal to each other and the step lengths are
optimal in each case.
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Conjugate gradient method

Preliminary consideration 1:

- as A is symm. positive definite x* = A~'b is the uniquely determined minimum of
fR' =R, fx)= %xTAx —x"b,
- assume a direction of search d € R" and consider for the step size ¢
g(t) =f(x+1-d),
- optimal step size ¢* is

. d'(b—Ax)

JTAd cR.
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Conjugate gradient method

Preliminary consideration 2:

- using the norm and the scalar product to A (this is possible as A is symm. positive
definite)

[ lla with [[x]z = x"Ax and  (x,y)a = x"Ay,
- all direction of search should be orthogonal to each other with respect to (-, )4,
- if d is the last direction of search we use

d=7+s"d
with
«_ TFAd
- dTAd’

F=b—Ax", and
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Conjugate gradient method

Initial choices:
- starting vector x» e R", with @ = b — Ax(©,
- first direction of search, e. g. d” = r» ¢ R".

Conjugate gradient method: stepi — i + 1

. (d(i))Tr(i)
KD — 0 t*d(i),
P = p Ax(i+1),

(r(iJrl))TAd(i)
(dD)TAdD
gD — D g,

s =

Theorem 6.14

The conjugate gradient method terminates with the exact solution after n iterations at
the latest.
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Example

Consider the boundary value problem:

AM = MXX(xMy) + u)ﬁ"(xvy) = _17 fur (va) € 1= (07 1)27
u(x,y) =0, (x,y) € 0.

Discretization results in the system of linear equations

T -1 0 - 0 0
-1 T -1 - 0 0
1 . — - g 2 2
A= 5 ST = h™ *tridiag(—1, T, —I) € R™ "
0 0 - -1 T -
0o 0 0 - -1 T

with o = 1/(m + 1) and I being the m x m unity matrix as well as

4 -1 0 - 0
1 4 -1 - 0

T= : = tridiag(—1,4, —1).
0 0 - -1 4 —1
0 0 0 - =1 4
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Example

Solution for m = 50, thus A € R2500%2500

Approximation to the solution u(x, y) for Au = —1.
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Example

Comparison of several methods:
- stopping criterion ||Ax — b|j3 < 1071,
- simple implementation in MATLAB USING sparse,

Dimension Iterations Comp. time
m n Jacobi G-S CG | Jacobi G-S CG
50 2500 ‘ 9622 4812 104‘ 0.29s 7.8s 0.1s

100 10000 | 39166 19585 213 | 47.7s 579.7s 0.29
1010Convergence of the methods for n = 2500.
Jacobi
Gauss-Seidel
SOR,w = 1.5
105 cg-method
s
I
2 100
g
Hops
1040 L L L L
0 2000 4000 6000 8000 10000

Iteration
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7. Least squares problems
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Outline

7. Least squares problems
7.1 The least squares problem
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Least squares problems

General form:
- givendata (x;,yi),i=1,...,m,
- set of functions ¢ (x), . .., gu(x) with n < m,
- compute coefficients «, . .., a, such that the linear combination

flx) = Z Qipi(x)

approximates the data as best as possible,
evaluation via least-squares

m

Z(y,’ —f(x,-))z — min!

i=1
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Least squares problems

General matrix notation:

ei(x1) o palxr) Vi
o10m) o onlom) Y

Simple example:
- regression line to (xi,y1), ..., (Xm, ym),
- approach y(x) = a1 + aox,
- resulting least-squares problem (matrix notation)

o+ ax; =y I x »
art+ax =y I 2

: L (a) e
(7] + Q2 X, = Ym 1 Xm m
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7. Least squares problems

7.2 Solution of the least-squares problem
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Necessary condition for a minimum

Theorem 7.1
Anx* is a solution of the least-squares problem, if and only if x* is a solution of

ATAx = A"b.

Remarks:
- if rg(A) = n, then the solution is unique,
- ifrg(A) < n, then the set of solutions is a linear subspace,

- the approach to compute x* as the solution of ATAx = ATb is numerically
susceptible to rounding errors.
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Badly conditioned problem

Example:
- consider the matrix
1 1 1 1
e 0 0 O
A= 0 ¢ 0 O
0 0 O

for e > 0 and with rg(A) = 4,
- the condition numbers for A and A”A are

condo, (A) = (1 + %) max(4, |e]),

34?2 +3]

condes (ATA) =
lel?

> max(4,3 + [¢* + 1))

which are very different for small ¢,
- rounding errors increase unnecessarily strongly with small ¢ for A”A.
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7. Least squares problems

7.3 Stable alternatives to solve least squares problems
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QR-decomposition to solve least squares problems

Theorem 7.2 (QR-decomposition)

LetA € R™*". There exist an orthogonal matrix Q € R"*™ as well as an upper
triangular matrix R € R"*" with
A= OR.

Theorem 7.3 (Orthogonal invariance of the Euclidean norm)
If 0 € R"™*" js an orthogonal matrix, then

[[xll2 = [lx[l2-

Mathias Sawall Introduction to Numerical Mathematics WS 25/26 209 /242



QR-decomposition to solve least squares problems

Application to the least-squares problem:
- orthogonal invariance of the Euclidean norm results in

IAx = b]l2 = [|Rx — Q"bl2,

- the problem has the form

(-] = 0=

- the second part of the error ||0x — b||, is fixed, the first part is solvable and

Rx=1>b

is the solution of the least-squares problem.
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Computation of a QR-decomposition

Definition 7.4

Letu € R" with ||u||, = 1. A Householder matrix has the form

H=1-"2ui.

Computation of Q:
- sequence of Householder transformations,

- select @y = —sign(ai1)||ai || and compute
ap — apeg T a *
S P—— I i : <0 A('))

- do the same for A" and so on,
- the computation of n Householder transformations leads to

Hkafl'...'HzHlA:R:( R )
—_— O(m—n)><n
QT
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Singular value decomposition to solve least squares problems

Theorem 7.5 (Singular value decomposition)

LetA € R™*" withm > n, then there exist orthogonal matrices U € R"*™ andV € R"*"
as well as a diagonal matrix D € R™*", such that

A= UDV"

with
D= (LO)>’ D = diag(o, ..., 0,).

A factorization of this form is called a singular value decomposition of A with
o1 >0y > ... >0, >0 being the singular values of A.
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Singular value decomposition to solve least squares problems

Definition 7.6

LetA = UDVT forA € R™*". The matrix AT = VDT U" is called a Moore-Penrose
inverse of A. Therein for
D
>=(5)

1
pr=@ro,  0={§

the matrix D" is defined as

fori =jando; > 0,
otherwise

Theorem 7.7

LetAt be a Moore-Penrose inverse of A € R™" and b € R™. Then
xX=A"h

is a solution of the least-squares problem ||Ax — b||, — min and has the smallest
Euclidean length of all solutions of the least-squares problem.
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8. Numerical approximation of eigenvalues
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Eigenvalues

Example: eigenmodes of a guitare sound box.

2:105Hz 3: 144 Hz 4: 159 Hz

5:173 Hz 6: 188 Hz

7:217Hz 8:220 Hz 9:228 Hz 10: 279 Hz 11: 296 Hz 12: 303 Hz
13:322Hz 14: 335 Hz 15:345 Hz 16: 385 Hz 17:398Hz  18:414 Hz

Figure 6. Mode shapes and natural frequency of guitar sound box.

J. Clinton, K. Wani, Open Journal of Acoustics 10(03): 41-50 (2020)
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Eigenvalues

Definition 8.1

LetA € R™". A € C is called eigenvalue of A, if there exists an x € C" withx # 0, so
that
Ax = Ax.

Such an x # 0 is called a corresponding eigenvector. An eigenvalue and a
corresponding eigenvector are called an eigenpair. The set of all eigenvalues of A is
the spectrum o (A).

Remark 6

If x # 0 is an eigenvector to the corresponding eigenvalue \ and « is a scalar with
a # 0, then also ax is an eigenvector as

A(ax) = aAx = adx = A\(ax).
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Eiganvalues

Eigenvalue criterion (see linear algebra):

A is an eigenvalue of A < det(A — \I) = 0.

Remarks:

1. Main Theorem of algebra: a polynomial equation of degree n has exactly » roots,
counting multiplicity. If all » roots are different, all eigenvalues are simple.

2. For a symmetric matrix A with real-valued entries, all eigenvalues are real and A is
diagonalizable. In applications, discretization matrices are often symmetric.

3. If Ais symmetric, eigenvectors to different eigenvalues are orthogonal with respect
to the Euclidean scalar product. Hence one can pick n orthogonal eigenvectors of
norm 1 and put them in an orthogonal matrix V with Vv7 = V'V = I.
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Localization of eigenvalues

Definition 8.2

LetA € R"*". The Gershgorin’s circles (disks, i.e. including the interior, not just the line)
are

Ki=qz€C: z—ail < Y |ayl
J=li#
The circle K; corresponding to the ith row of A has its center at the ith element of

diagonal of A and the radius is the sum of the absolute values of all remaining elements
in this row.

4

Theorem 8.3 (Gershgorin’s circle Theorem)

LetA € R"*". All eigenvalues of A are contained in the union of the n closed
Gershgorin’s disks

o(A) C OK,'.
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8. Numerical approximation of eigenvalues
8.1 Power method (survival of the largest)
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Power method (survival of the largest)

Idea for the power method:
- let x # 0 be arbitrary with the representation by the eigenvectors vy, ..., v, as

n
X = E Q;Vi,
i=1

- multiplication of A with x results in
n n n
Ax=A Qv = (67 AV,' = ozi)\ivi,
Lem=g el =l

=i A > X2 > ... > |\, then

Afx = /\,f(oelvl +a2( % )kvz+...+ozn( % )kvn) H—°°> )\'fozlvl.
NG NG
|-]<0 [-]<0

- attention: Normalization after each step to avoid overflow.
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Power method (survival of the largest)

Resulting algorithm of the power method:

- select a starting vector x # 0 with ||x|l = 1, e.g. x =n%3(1,..., 1T,
y = Ax
T
r:=yux
x:=y/|Iyll2

- ris an approximation for the eigenvalue with the largest magnitude and x is an
approximation to its associated eigenvector,

- stopping criterion for example if ||rx — y|» < e = 1077,
- returns only one eigenvalue and the iteration can be computationally intensive.
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8. Numerical approximation of eigenvalues

8.2 Inverse power method (survival of the smallest)
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Inverse power method (survival of the smallest)

Idea for the inverse power method:

- if X is an eigenvalue of A, then 1 is an eigenvalue of A~",
- for regular A holds

Ar N>l > > A
1 1 1

Aill —S_SS )
Al ™ A |l

- apply the power method to A~ to determine the largest eigenvalue of A=, which
is the smallest of A.
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Inverse power method (survival of the smallest)

Resulting algorithm for inverse power method:
- select a starting vector x # 0 with ||x|]. = 1,

solve Ay = x
L
yix
x = y/[lyll2
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8. Numerical approximation of eigenvalues

8.3 Shifted inverse power method (survival of the most popular)
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Shifted inverse power method (survival of the most popular)

Lemma 8.4
If\1, ..., \, are the eigenvalues of A, then \y — p, ..., A\, — u are the eigenvalues of
A—pul.

Combination of statements:

- if p is an approximation to \;, then A; — p = 0 is an eigenvalue of
A—pul,
- this eigenvalue can be determined by inverse vector iteration, since

1/ (A = p)

is the largest eigenvalue of (A — ul)™",
- avoid to calculate an inverse by solving systems of linear equations.
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Shifted inverse power method (survival of the most popular)

Resulting algorithm (inverse power method with spectral displacement):

- select a starting vector x # 0 with ||x||. = 1 and a shift u, e. g. an element on the
diagonal of A, see Gershgorin,

solve (A — pl)y = x

1
ri= yTx +u
x:=y/|yll2

Remarks:

- optionally, 1 := r can also be used as an update in each iteration, although it is
advisable not to do this in the initial steps steps,

- convergence rate of the iteration depends on the second largest eigenvalue of
(A—puh)™".
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8. Numerical approximation of eigenvalues

8.4 QR-algorithm
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QR-algorithm

Preliminary consideration:
- for an upper or lower triangular matrix, the eigenvalues are on the main diagonal,

- for a similarity transformation
T 'AT

with a regular T € R"*", the eigenvalues of A and T~'AT are equal.

Goal:
- achieving a triangular shape through a sequence of similarity transformations
A(O) N A(' ( )—IA(O)T(O)
— A(2) (T(l))—lA(l)T(l)

_ (T(l))*l(T(O))*l A© 7O M)
—_— N——
F—1 T
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QR-algorithm

QR-algorithm:
- setA©® =4,
- compute an QR-decomposition A©® = QOR©®)

- compute
AL — (Q(O))TA(O)Q(O) _ R(O)Q(O)

- iterationfor k > 1

A® — Q(k)R(k) o ARED R(k)Q(k).
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QR-algorithm

Theorem 8.5

LetA € R™*" with the eigenvalues )i, . .., \, in decreasing order, thus
M| > |Xa| > ... > |\ The series {A® }io,12,... with

A*ED _ p() Q(k)

forA® = gWR® convergences to an upper triangular matrix, thus

Al * * cee *
0 X * ek
lim A® =
k— 00 a ) 3 c
0 T | D
Eigenvectors for symmetric matrix A:
-0=099". . .0W is an orthogonal matrix,
- thus 0"AQ = AW is a similarity transformation and the eigenvetcors are in the

columns of Q.
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8. Numerical approximation of eigenvalues

8.5 Jacobi’'s method
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Jacobi’'s method

Idea of Jacobi- method:

- Transform the symmetric matrix A into the diagonal form by a sequence of
similarity transformations,

- practically, the sequence is aborted when the off-diagonal component

off(B) = Y by,

ij=1,i#i

of the transformed matrix B is sufficiently small,

- the eigenvalues of B agree with the eigenvalues of A except for small deviations
depending on off(B).
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Jacobi’'s method

One step:
- similarity transformation

A — B=JAJ

- Jacobi rotation J(k, [, 0) € R"*" defined as

1 if i =jbuti¢{kI},
c for (i,j) = (k, k) or (i,)) = (1,1),

=< —s for(i,)) = (k,1),

s for(i,)) = (,k),
0 else.

for1 <k, <n,c=cosb,s=sinb.

Mathias Sawall

Introduction to Numerical Mathematics WS 25/26

234 /242



Jacobi’'s method

Theorem 8.6
For the rotation from (8) holds

off(B) = off(A) — 2ag + 2bj).

Goal:

- greatest possible reduction of off(A) if by = 0,
- if aw # 0, then use

_ ai — Ak
2ay
as well as 1 _
o m !f p =0,
I if p <O,
(to avoid catastrophic cancellation),
- compute
c:= ﬁ, s = fc.
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Jacobi’'s method

Example
We apply Jacobi’s method to compute the eigenvalues of the matrix

A = (n+ 1)’tridiag(1, —2,1) € R™"

forn = 50.
10 Offset forn = 50 s Difference to final approximations
10
10° = 10°
= I
g =
=
10° £ 107 \K\
1078 10710
0 1000 2000 3000 0 1000 2000 3000
Iteration Iteration
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Jacobi’'s method

Eigenvalues for n = 50

10°
-10! ]
= /
8102 ’
g
©.10°
R=y
]
T
'wso 10 20 30 40 50
Index i
V(:,i)to A3 = (—9.9, —39.4, —88.6) Eigenvectors to Asp = —1.04 - 10*
0.2 0.2
7N ZEAN | ﬁ ﬂ ]
A T
Lo41/ \\ / / \\ _ o MMHM \HHHHMM
s \ / \ s I HH\WHHHHHH\
/ \ 5 M | ‘ M
Q \ / / Q A!‘HHHH ‘HHHHH H‘\H‘m
z 0 \ / / g 0 uu‘ | ‘ ‘ ‘ ‘ W NN
5] \ \ / [ V H‘H HHHHH‘ H\H\“v
g | N/ / g ) Hw MHHHH‘\“\H”‘
o1l /\// 01 HHW MHW
0.2 " 0.2 v v v v v v
10 20 30 40 50 10 20 30 40 50
Component Component
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8. Numerical approximation of eigenvalues

8.6 Applications
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Approximation of eigenvalues - example 1

Application to 1D vibrating strings:

- solution of wu,(x, ) = Cuw(x,t) forx € Q = (0, 1) by a factorial approach,
- search for eigenfunctions/eigenvibrations and eigenvalues of

u’ (x) = =du(x)

forx € (0,1),

u(0) = u(1) =0,

- discretization by n interior nodes for h = 1/(n+ 1) results in the eigenvalue problem

Av= v, with A= h—lztridiag(l, _2,1) e R,

0.1 [/ N\ \Dw=3947 / \
/ \ \ // \\
0.05 |/, / Aos = 88.76
’:y' \\ \ / \
/
\ /
-0.05 \ \ /
-0.1 \ A
S
-0.15 -
0.2 0.4 0.6 0.8 1

0.1

0.05

0

-0.05

-0.1

-0.15

Mmax = 40794

0 0.2
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Approximation of eigenvalues - example 2

2D oscillation using the example of a circular area:
- Boundary value problem with a partial differential equation, see pde-lecture,

Au(x,y) = Cua(x,y), differential equation,
u(x,y) = 0for (x,y) € 99, boundary condition,

- domain Q = {(x,y) € R?: x* +3* < 1} (circle),
- Numerical solution via finite element method.

S € e

v

- ]

¢

l\ e
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