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3. Solution of second order partial differential equation
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General linear partial differential equation of second order

General form:
Lu := Z Zaij( ax,ax, Zb c(x)u = f(x,u)
i=1 j=1 i=1

Ingridients:
- a;,bi,c : R" — R continuously differentiable
- wanted function u in n variables, thus u = u(xi, ..., x,)
- homogeneous if f = 0, inhomogeneous otherwise
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General linear partial differential equation of second order

Example
1. For the three-dimensional Poisson equation Au = f holds

> Pu
A(x) =1 e R*?*? as Uxyx, F Unyxy + Unyxy = =
: — 0x;
2. Forthe heat equation u; = Au in 2D with u = u(x1, x»,t) the operator
reads
puo P Pu o
T o 0 Ot

and the coefficients are
A = diag(1,1,0) e R***, b= (0,0,—1)".
3. For the 2D wave equation u, = Au holds

Pu  Bu 8_214

Sa—db 0"t — h A = diag(1,1,—1).
o + o2 or and thus diag(1,1,-1)

Lu

Mathias Sawall Analysis and Numerics of Partial Differential Equations

99 /239



Outline

3. Solution of second order partial differential equation
3.1 Characteristics of second order partial differential equations
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Characteristics of second order partial differential equations

Definition 3.1
For the PDE from (9) the second order term

Lou := ZZaU Bx,axj

i=1 j=lI

is called the principal part of the operator Lu.

Remarks:

- the principal part decides about the main properties of the considered
PDE

- the spectrum of the matrix A(x) defines the type of the equation

- without limitation of generality we assume always A(x) € R"*" to be
symmetric, otherwise use 1 (A(x) + A(x)")
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Principal symbol

Definition 3.2
The quadratic polynomial

Lo(x,€) := Y > ay(x)&& = ETA(x)E
i=1 j=1

is called the principal symbol of a linear second order PDE.

Example
1. For the Laplace equation Au = 0 the principal symbol is

Lo= &+ &+ & = |lé]l2-
2. For the heat equation u, = Au the principal symbol is
Li=&+8.
3. For the wave equation u, = Au the principal symbol is
L=&+8 -6
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Characteristics

Definition 3.3
The characteristic equation of a given PDE is

Lo(x, f) =0.

A solution ¢ of the characteristic equation is called characteristic direction or
characteristic of the principal symbol. A differentiable hypersurface in R" such
that its normal vector £ € R" points in a characteristic direction is called a
characteristic surface (or characteristic curve ifn = 2).

Mathias Sawall Analysis and Numerics of Partial Differential Equations 103 /239



Outline

3. Solution of second order partial differential equation

3.2 Classification of linear second order partial differential equations
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Classification of a second order PDE

Definition 3.4
Let Ay, ..., \: be the eigenvalues of A(x) € R"*" with respect to their
multiplicities. At the point x the PDE is called

(a) elliptic if all eigenvalues of A(x) are positive or all eigenvalues of A(x) are
negative,

(b) parabolic if one eigenvalue is zero and all others are positive or all others
are negative,

(c) hyperbolic if one eigenvalue is positive and all others are negative or one
eigenvalue is negative and all others are positive.

The PDE is called elliptic, parabolic resp. hyperbolic if it is elliptic, parabolic
resp. hyperbolic at every point of the domain ).
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Classification of a second order PDE

Example

1. For the nth-dimensional Laplace equation the matrix is A = I,. Its
eigenvalues are \; = ... = )\, = 1 and the PDE is elliptic.

2. Forthe 2D heat equation u; = Au withu = u(xi, x2,t) the matrix is
A = diag(1,1,0) € R*

and the eigenvalues are Ay = A, = 1, A\3 = 0. Thereby the PDE is
parabolic.
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Classification of a second order PDE

Example
3. Forthe 2D wave equation u, = Au the matrix is

A = diag(1,1,-1)

and has the eigenvalues \; = X\, = 1, A3 = —1. The PDE is hyperbolic.
4. Consider the PDE

Buee + Uy + 2ux; + 2uyy + 2uz; = f(x).

301 1
Ax)=A= |1 2 0].
1 0 2

A check of the main minors shows, that A is positive definite and thereby
all eigenvalues are positive. Indeed they are \ = 4, \, =2, A3 = 1. Thus
the PDE is elliptic.

The matrix is
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Classification of a second order PDE

Remark 6

A special case is forn = 2. Using (x,y) instead of (xi,x,) we can write the
PDE as

Ay + 2a12Uxy + aniyy + biuy + bouy + ¢ = f.

Without using the eigenvalues directly we can classify the PDE with a;, > 0
as

= e’/lptIC ifdet(A) =aay — a%z >0,

- parabolic if det(A) = anaxn — al, = 0 and

- hyperbolic if det(A) = aiaxn — a}, < 0.
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3. Solution of second order partial differential equation

3.3 Canonical form of a linear second order PDE
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Canonical form of a linear second order PDE

Definition 3.5

A linear second order PDE is called of canonical form if it does not include
mixed derivatives 4 ‘9 = W/thz # j of the unknown function. Thus the PDE is of
the form

Lu= Za,, ot th @) = ().

In the special case of justn = 2 coordinates we also call a form

&u

Lu= 0x0y

+ bi(x, y)ux + ba(x, y)uy + c(x,y) = f(x,y)

a canonical form.
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Transformation into the canonical form

Symmetric but not diagonal

A eRan’ AT:A

Diagonalization by eigenvalues and -vectors

C"AC = diag(\i, ..., M)

New coordinates

EeR", ¢£=C"x, Viu=CVeu

Canonical form

,Z a§2+zb8_&+m_
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Transformation into the canonical form

Example
Consider the PDE uy. + 2u,; + uyy, + 2u,; + 2u.. = 0. The matrix reads

1 0 1
A=10 1 1
1 1 2

and its eigenvalues and -vectors are Ay = 0, A\, = 1, A\3 = 3,

SR T e DS T S TN I
1 \/§ 3 2 \/E ) 3 \/6
1 0 2
The new coordinates are
1 1 1
=—@k+y—2), n=—742C-y), (=50+y+2z
13 \/5( y—2), 1 \/i( ), ¢=5b+y+22)

and the transformed PDE reads

Unn + 3”CC =0.
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Transformation into the canonical form for n = 2

Consider the PDE

Lu = anux + 2anuy + anuyy + lower order terms = f.

Transformation by introducing functionally independent new coordinates

€= n=nlx) with dertien ) = (5 )20 (o)

Theorem 3.6

The type of a PDE does not change under a nonsingular coordinate
transformation from (10).
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Transformation into the canonical form for n = 2

Constructing the coordinate system:
- compute the characteristics of the PDE using

an (x, y)wz + 2a12(x, y)wewy + agzwi =0
- the solutions of the quadratic equation
an(x,y)p’ + 2an(x)p+ axn(x,y) =0

are

7
Wy —an *+/aj, —anaxn

= M2 =
Wy ar

Three cases:
- elliptic case, a?, — aijaxn < 0, both solutions i and p, are not real
- parabolic case, a3, — anan =0, 1 = 2 = —an(x,y)/ai (x,y)
- hyperbolic case, a}, — aiiax > 0, two different real solutions
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Transformation into the canonical form for n = 2

Hyperbolic case:

- the transformation is based on the solution of the homogeneous linear
first order PDEs

Wy — p12(x, y)wy =0
- solve the ODEs

% = —p2(xy) (11)

- their solutions result in the new coordinates
E(x,y) =Ci, nx,y) =C
- in the new coordinates the PDE has the canonical form

ug, + lower order terms = f
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Transformation into the canonical form for n = 2

Parabolic case:
- solve the ODE

D () = —ans)fan ()

- the new coordinates are
E=x n=n(y)
- the transformed PDE has the canonical form

uge + lower order terms = f

Elliptic case:
- both solutions are complex with p, =,
- with w(x, y) = ¢ being the (complex-valued) solution of the ODE from
(11) use

§(x,y) = wlx,y) + w(x,y) = 2Re(w(x,y)),
n(x,y) = 2Im(w(x,y))
- the transformed PDE has the canonical form

uge + uny + lower order terms = f.
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3. Solution of second order partial differential equation

3.4 Analytical solution of the Laplace equation
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The Laplace equation

Definition 3.7
A functionu € C*() is called harmonic if Au = 0 on Q.

Example
1. The function u(x) = xix2 - ... - x, is harmonic on R" as also Au = 0.
2. The function u(x,y) = In(x* + y*) is harmonic outside the origin.
3. The function u(x,y,z) = (x* + y* 4+ 2%)~"/? is harmonic outside the origin.
4. The fundamental solution of the Laplace equation

E(x) { llnuu forn =2,
x) =
—(n Sy “X“n — forn>3,

is harmonic inR" \ {0}. Thereinw, is the measure of the unit spehre in
R" andT'(z) is the Gamma function, both defined as

271_)1/2 oo o
Wpn = ————, I'(z :/ t exp(—t)dr.
T(1/2) (2) | (=1
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The Laplace equation

The maximum principle:
- is of fundamental importance in the study of elliptic and parabolic PDEs

Green’s representation theorem and the mean value theorem are
needed

Green’s theorem (a special case of Stokes’ theorem) allows to express
the integral over a plane surface by a curve integral

the mean vaue theorem says that the value of u at the center equals the
average of u over the spehre Sg(xo) and over the ball Bz (xo)

Theorem 3.8 (Green’s representation theorem)
Let u be harmonic on a domain Q) C R". For xo € 2 holds

u(xo) = /m (wow _ E(X—XO)%@) do

n

with W = 7 (x) being the normal derivative at 9 in the direction of the
outside.
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The Laplace equation

Theorem 3.9 (Mean value theorem)

Let
Br(xo) = {x e R": |Ix — x0|| < R}

be the n-dimensional ball with radius R and center x, as well as

Sr(x0) = {x € R": ||lx — x| = R}

its boundary (S for sphere) and Br(xo) = Br(xo) U Sk(x0) be the closure. If u is
harmonic in Br(xo) and continuous on Bg(x,), then

1
u(xo) = mes(Sr) /SR(XO) u(x) do

and

1
u(xo) = 7mes(BR) /BR(XU) u(x) dx.
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The maximum principle

Theorem 3.10 (Maximum principle)

Letu be harmonic in Q@ and continuous on Q2 = Q U 99).
(a) Thenu attains its maximum and its minimum on the boundary of 99).

(b) Ifu is not constant, then u attains its maximum and its minimum only on
the 09).

Remark 7

Part (a) from Theorem 3.10 is called the weak maximum principle and part
(b) is called the strong maximum principle.
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The maximum principle

Example
LetQ = (—2,2) x (0,2) andu : R> — R be the solution of the Cauchy-problem

Au=0 forxeQ,
u(x) = |xi| +2x2  forx € 99Q.

In orde to compute m; = max,cg u(x) as well as m, = min g u(x) we apply
the maximum principle and get

mi = max |xi1| +2x = 6
x€0Q

my = min |xi| 4+ 2x = 0.
x€0Q

Further, e. g. locations of the extrema are x = (—2,2) andx = (0, 0) with
u(x) =m andu(x) = mo.

Mathias Sawall Analysis and Numerics of Partial Differential Equations 122 /239



Solution for the Laplace equation on a disc

Domain:
Br = {(x,y) € R?: X +y' < R2}

Boundary value problem:
uxx(xzy)+u)')'(x7y) :0 for (xzy) EBz
u(x,y) = g(x,y) for(x,y) € 0B
Work with polar coordinates:

x=rcos(p), y=rsin(p)

Transformed problem:
Ou tou 1 o
or:  ror  r?op?
u(R, ) = g(Rcos(y),Rsin(p)) for0 < ¢ < 27.

=0 for0<r<R,0<¢p<2m,
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Solution for the Laplace equation on a disc

Factorial approach:

Substituting this « in the PDE:
11 1 / 1 "
F'(N®(p) + —F'(N®(p) + 5 F (12" (1) = 0

Separation of variables
PF"(r) 4 rF'(r) _ d" ()
F(r) ®(p)
Both fractions have to be constant
PE'(r)+rF'(r) _ ®"(p)

= =u with M:nz,n:O,l,Z,...
F(r) ®(e)
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Solution for the Laplace equation on a disc

The solutions of the PDE are

un(r,0) = r"(cacos(ng) + dysin(np)), n=0,1,2,...

The general solution can be written as

u(r, o) = %0 + Z " (cy cos(ny) + dy sin(nep)

n=l1

Theorem 3.11

Letg(R, ¢) = g(Rcos(y), Rsin(y)) be continuous and 2 periodic. Then the
coefficients to determine the solution are

1 27
o= | ER@)cos(up) de,

1 27 ~ )
dn = — / &(R, ) sin(ny) de.
TR Jo
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Solution for the Laplace equation on a disc

Example
Consider with Q = {x € R?* : ||x||» < 2} the boundary value problem

Au=101in9,
u(x,y) = |y| on 9.

With g(p) = 2| sin(¢)| we getd, = 0 for alln as well as

= 77@"(5271) for even n,
Cn =
0 for odd n
and the solution is

4 8 <r2 cos(2p)  r*cos(4p) | r®cos(6yp) >
r T\2@o1)  P@E-1) " ®Ee-1 )

u(r, ) =
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Solution for the Laplace equation on a disc

Example (Continuation)

First 10 Fourier coefficients ¢, Basis function for ¢,
-0.05
-0.1
-0.15
-0.2
2 4 6 8 10
x

Basis function for ¢4
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The Dirichlet problem for the Laplace equation on a ball

Theorem 3.12 (Poisson’s formula)
Consider the boundary value problem

Au=0 onB,
u=g onoiB.

Its solution has the form

1 (R —r)g(y)
- -~ O+’ do,
ure) =7 / TR

with w, being the measure of the unit spehre in R".
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3. Solution of second order partial differential equation

3.5 Analytical solution of the wave equation
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The wave equation

General form of the PDE:

@—AM*O forx = (x x) ER", >0
EY = = (X1,...,Xn s

Initial conditions:

u(x,0) = ¢(x) forxeR",
u(x,0) =(x) forxeR"

Problemin 1D:

*u  Ou
oz o
u(x,0) = ¢(x) for —oo < x < o0,
u(x,0) = (x) for — oo < x < co.

=0 for —co<x<oo, t>0,
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Solution of the one-dimensional wave equation

Coordinate transformation (x + ¢ = C; and x — ¢ = C, are the characteristic
curves of the PDE):
E=x+1t, n=x—1t

Theorem 3.13 (d’Alembert’s formula)

For the one-dimensional wave equation with initial conditions ¢ € C*(R) and
¥ € C'(R) the unique solution is
plx+1)+p(x—1) 1 [*F

t
> + 3 » P(7) dr.

u(x, 1) =
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Dependency domain

Remark 8
1. Dependency domain: the solution u(x,t) at a position x and the time t
depends on the initial data ¢ and ) in the domain [x — t,x + 1].

2. Domain of influence: the initial data ¢(x,0) and v (x,0) at a position x
affects the solution at the time ¢ in the range [x — t,x + 1].

For uy — c*ux = 0 holds

t t

xX—ct X x-+ct xX—ct X x-+ct
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One-dimensional wave equation

Example
Consider the one dimensional wave equation for the initial condition
#(x) = exp(—4(x + 1)?) and ¥ (x) = 0. Following d’Alembert’s formula the
solution is
exp(—4(x + 1+ 1)) 4+ exp(—4(x — 1+ 1))

u(x, t) = 2 .

‘Wave equation Wave equation

—t=0

—1 =048
t=12
—t=24

u
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Two-dimensional wave equation

Example
The two dimensional wave equation on a disc for the initial data

u(x,0) = exp(—4(x* +%)).

Wave equation, ¢ =0 Wave equation, ¢ =0.48

; 5 5 B t 5 P

Wave equation, # =1.2 Wave equation, t =2.4
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Reformulation as a system for 1D

Consider u, = u,, and the quantities
(£)-)
Z = =
13 Uy
Reformulation as a system of two first order PDEs

<:) +A <:) =0 = A1) = (_01 _01)

Encoupling the system with the new coordinates wy = zi + 22, w2 =21 — 22

results in
w1 1 0 w1 o 0
(), %) ()= ()
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The initial value problem in the three-dimensional case

Theorem 3.14 (Kirchhoff’s formula)
The solution of the initial boundary value problem

®
%—AM:O forxeQ, t>0
u(x,0) =0, w(x,0)=pkx) forxeQ

for Q c R® and a two times continuously differentiable functionp : Q — R is

) = wen =g [ po)a

with S(x, t) the three-dimensional sphere with radius t and center x, thus
S(x,t) ={y eR*: ||y — x| = 1}.
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The initial value problem in the two-dimensional case

Theorem 3.15
The solution of the initial boundary value problem
82
a 902
u(x,0) = uo, u(x,0) =vo(x) forxeQ

—Au=0 forxeQ, t>0

for Q ¢ R? anduo, vo € CZ(Q) is

450 =2m // Hy—x\z (//BM ||y—x||2 dy>'
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The initial boundary value problem in the one-dimensional case

Consider the problem

Uy — e =0, 0<x<1,t>0,
u(0,t) =u(l,1) =0, >0,
u(x,0) = ¢(x), w(x,0) =9¢(x), 0<x<IL

Factorial approach and Fourier series result in the following theorem.

Theorem 3.16
The solution reads

u(x, 1) = Z sin(nmx) (an cos(nmt) + by sin(nmt)) (12)
n=l1
and the coeffcients are
I 1
an = 2/ ¢(x) sin(nmx) dx, by = El ¥ (x) sin(nmx) dx
0 nm Jo
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The initial boundary value problem in the one-dimensional case

Example
With 2 = (0, 1) consider the problem

Uy — U =0 forxeQ, t >0,
u(0,1) =u(l,t) =0 fort >0,
u(x,0) = max(1 — 8|x — 0.3],0), wu(x,0) =0.

We compute the coeffcients for Fourier's series and the final solution for any

t>0.
First 20 Fourier coefficients ) Initial data and approximation
0.2 —Initial data
0.8 ——Appr. n =20
——Appr. n=5
01 0.6
0 0.4
0.2
-0.1 -
0 —
5 10 15 20 0 . 1
2 T
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The initial boundary value problem in the one-dimensional case

Example
With 2 = (0, 1) consider the problem

Uy — U =0 forxeQ, t>0,
u(0,£) =u(l,1) =0 fort >0,
u(x,0) = max(1 — 8x — 0.3],0), u(x,0) =0.

We compute the coeffcients for Fourier's series and the final solution for any

t>0.
Wave expansion & reflection Solution wave equation
—t=0
——t=0.167
t=0.5
E}
0.5
0 0.5 1
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3. Solution of second order partial differential equation

3.6 Analytical solution of the heat equation
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Concentrated energy in one point

Theorem 3.17
The 1D initial value problem

w—uy=0 forxeR, t>0,

u(x,0) = { 80 feolggzo forx € R,

has the solution
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Concentrated energy in one point

Theorem 3.17
The 1D initial value problem

w—uy=0 forxeR, t>0,

u(x,O):{ 80 feol;gzo forx € R,

has the solution

Maximum temperature for ¢ € [0, 5] Heat front

max(u(:,t))
o
o
Distance to z = 0
>~ o

AN
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The initial value problem (Cauchy problem) for the heat equation

Theorem 3.18

Let ¢ be continuous and bounded inR". Then the uniquely determined
solution of the homogeneous heat equation is

) = s [ oo (- L) o (13)

withx,y € R" andt > 0.

Remark 9
Formula (13) can also be written as

ux,t) = [ p(E(W —x,1) dy.
RV‘I
This means u(x, t) is the convolution of the fundamental solution fory — x and

®.
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Homogeneous heat equation in the two-dimensional case

Example
Consider the two dimensional heat equation for the initial condition

o(x) = exp(—4(x% + x%))

Heat equation, ¢ =0 Heat equation, ¢ =1.25

i 55 N

Heat equation, t =2.5 Heat equation, ¢ =3.75

= 0.01

Mathias Sawall Analysis and Numerics of Partial Differential Equations 145 /239



The maximum principle for the heat equation

Theorem 3.19 (Maximum principle)

LetT > 0andu c C*(2 x (0,T)) N C°(Q x [0, T]) be a smooth solution of the
homogeneous heat equation

u(x,t) = uxc(x, 1) for(x,1) € Q x (0,7)
then

min u(x,t) < inf wu(x,t) < sup u(x,t) < max u(x,t
(1) €A (x: 1) (x,))EB (1) (r,1)EB (x,2) (x,1) €A (x:1)

withA = 0Q x [0, T]UQ x {0} and B = Q x [0, T].
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The initial-boundary value problem for the heat equation

Consider the one-dimensional initial-boundary value problem
u —uee =0forxe (0,1), t >0,
u(0,1) = u(l,r) =0fort > 0,
u(x,0) = ¢(x) forx € (0, 1)

Theorem 3.20

Let ¢ € C'([0,1]) and compatible condition ¢(0) = #(1) = 0.
Then the series

oo

u(x, ) = Z ¢ sin(nmx) exp(—n’w’t)

n=1

with the coeffcients
1
G = 2/ ¢(x) sin(nmx) dx
0

is the uniquely determined solution of (14), (15) and (16).
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The initial-boundary value problem for the heat equation

Example

We consider the one-dimensional initial-boundary value heat equation with
¢(x) = xsin(wx). The formula for computing c. is

1
G = 2/ xsin(mx) sin(nrx) dx.
0
The coeffcients are

8
— cn:{ o for evenn,

1
%) 0 for odd n

Using them the solution reads

u(x, t) :% sin(7x) exp(— Z W sin(2imx) exp(—4i°71).
i=1
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3. Solution of second order partial differential equation

3.7 Difference methods for elliptic problems
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Difference methods for elliptic problems

Idea/approach:
- extension of the 1D approach for boundary value problems with ODEs
- no time dependence, only the static case
- discretization of the bounded domain 2 by a grid with step size i
approximation of the exact solution in the grid points U; ~ u(x”
- substitution of derivatives in the PDE by finite differences, e. g.

1
Upx == E(M(X-F hay) - 2M(X,y) + M(X - hay))

Result:

- large systems of linear equations for Uy, ..., Uy with N the number of
grid points
- quadratic systems AU = b, solution by iterative methods
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Difference methods for elliptic problems

Consider the 2D problem, thus x € R?,

—Au=f(x) inQ
u(x) = g(x) onoQ

5-point stencil from Definition 1.7:

| ~1
¢) _
LY =5 -1 zlt -1

With h, = hy, = h this results in

—M(X — h7y) — M(X,y - h) +4M(X,y) — M(X+ hvy) — M(X,y +h)

—AU = —lye — Uy R 2
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Difference methods for elliptic problems

In practice:
- use x € R* instead of (x,y) in order to avoid conflicts in the numbering

- with m nodes in x;-direction and nodes in x,-direction we have N = mn
grid points
X1,X2,...,XN € R2

- their associated approximations to u(x) are

Ui = u(x;)

5-point stencil:
- grid point x(;_1ys+; has connections to the neighbours

X(j=2)m+iy Xjm+is X(j—1)ym+i—15 X(j—1)m+i+1
- consequently a discretization of —Au with A, = h, is

_ Ui—ymti + Upmri — AU - 1ymri + UG- tymri—1 + UG- 1ymtit1
2
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1) the boundary value problem
—Au=17, inQ, u(x,y) = g(x,y), onoQ.
Form=3andh=1/(m+ 1) the grid is

1

3h 71 8 9
2h 4 5 6
h 1] 2] s

0

0 h 2h  3h 1
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1)* the boundary value problem

—Au=17, inQ, u(x,y) = g(x,y), onoQ.

Next we derive the equations for the single points using the PDE —Au = 7.

Point 1
1
ﬁ(_ u(h,0) —u(0,h) +4U, — U, — Us) =7
e e
8(h,0) 8(h,0)
1 1
= ﬁ(4U1 —U—Us) =7+ ﬁ(g(h7 0) + g(0, h)).
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1) the boundary value problem

—Au=17, inQ, u(x,y) = g(x,y), ono.

Next we derive the equations for the single points using the PDE —Au = 7.
Point 2

1

ﬁ(_Ul —u(2h,0) +4U, —Us — Us) =7

1 1
= ﬁ(—U1—|—4U2—U3—Us):7—|—ﬁg(2h70).
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1) the boundary value problem

—Au=7, inQ, u(x,y) = g(x,y), onoQ.

Next we derive the equations for the single points using the PDE —Au = 7.
Point 5

1
ﬁ(—Uz— Uy +4Us —Us — Us) =17.
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1)* the boundary value problem

—Au=17, inQ, u(x,y) = g(x,y), ono.

The system of linear equations is

Ui 7h§ +¢
U, | Th™ + g

Us T + ¢
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1)* the boundary value problem

—Au=17, inQ, u(x,y) = g(x,y), onos.

The discretization matrix reads

4 —1 -1 i
-1 4 -1 ~1 ;
-1 4, —1.
" oy [ R S
A= — ~1 -1 4 -1 ~1
k 1 -1 i —1
"""""""" [N R R B
; ~1 |
i —1. —1 4
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Difference methods for elliptic problems

Kronecker-product of U € R™*" and V € R’*4:
u“V e M]nV
Uov=| : . |[eR"™™

umV o UV

Representation of the discretization matrix:

1

with T,, = tridiag(—1,2, —1) € R™"™ [, € R™*"

In ® T+ T ® I € R™™),
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Difference methods for elliptic problems

Remark 10

1. The system of linear equations comprizes only equations for values at
inner nodes.

2. The structure of the matrix A depends on the enumeration of the grid
points.

3. The right-hand side of the system at grid points x,, which are not
connected to the boundary, includes only the values of f (x;) = b,. Points
close to the boundary, i.e. points which have a stencil that contains at
least one boundary point, feature a contribution from the corresponding
Dirichlet values to the right-hand side b of the system.
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Difference methods for elliptic problems

Definition 3.21
A regular matrix A € R**" is called an M-matrix, if

Ay <0 forij, > 4;>0 fori=1,...,n,

j=1

and all entries of A=' are nonnegative.

Difference to the analytical solutions:
- due to the construction of the difference approximation holds

Dy = L u(x) = Lu(x) + O(K*)

- with u € C*(Q) N C(Q) the local error for D, is controlled by the 4.
derivatives of u
h2
Lu(x) =)+ E(eh),  LOUE) =f(), e h)| < T3 max (u (1))
- consistency and stability result in
llun — Ulloe < CH,

- the constant C depends on the operator and the domain
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Difference methods for elliptic problems

Summary of the procedure:

1. discretize the domain with the step size h resp. different step sizes
hey By, ...

number the grid points xV, ... x™

derive a proper difference stencil for the PDE
set up equations for the unknown U;

include boundary conditions in the equations

I

solve the system of linear equations
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Difference methods for elliptic problems

Example

Consider for Q = (0, 1) the boundary value problem

—Au+ auy, +bug, +cu=f inQ,

u=g onof.
Using h. = h, = h the stencil reads
1 -1+ gbi
:ﬁ —l—gai 4+h26‘,' —1+gai
—1— L,
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Difference methods for elliptic problems

Example (Continuation)
Form =9 and h = 0.1 witha = b = ¢ = 0 the structure of the matrix is

20 40 60 80
nz = 369

Only 369 of 6561 matrix elements are nonzero (5.6%). The system matrix is
weakly diagonally dominant and irreducible. Therefore use iterative methods
to solve the system of linear equations instead of the Gaussian elimination.
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Difference methods for elliptic problems

Example (Continuation)
Solution with f(x) = 12 and for a grid with h = 0.1 resp. h = 0.01.

Low resolutionh = 0.1, A € R¥>#! Fine resolution h = 0.1, A € R%01x98010
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Difference methods for elliptic problems

Example
Next we derive a difference stencil for the PDE

Uy — Uy — Uy U+ 10y +u=0.
With h. = h, = h the single parts of the stencil are
1 —1 1

1 1 1 1
=2 1 -2 — -1 1 —
h? | 4n2 | + 2h + 2h

Mathias Sawall Analysis and Numerics of Partial Differential Equations
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Include Neumann boundary conditions

Neumann boundary conditions:

ou
ajn(x) = aforx € 00

One-dimensional:

Un - Un—l

; =a < U,— U, =ha with U, = u(b)

Two-dimensional:
- extend the numerb of nodes for boundary point with Neumann conditions

Uignt1y — Uigmr1)—1
h

= W(lh) <~ Ui(m+1) - Ui(m+1)7l = hW(lh)
- or use the connection directly for the stencil as

u(b,lh) :U[(,n+|)_1+hW(ih)7 i= 1,...711
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Irreducible matrices

Definition 3.22
For a (possibly non-symmetric) matrix A € R"*" we call Gy = (V,E) the
adjacency graph with the set of nodes V = {1,...,n} and the set of edges

E = {(i,j) € V*: a; #0}.

Definition 3.23

A matrix A is called irreducible if every node i is connected to every node j by
a chain of edges. In the case of an non-symmetric matrix of a chain of equally
oriented edges in both directions.

Important also for:
- Perron-Frobenius theory of nonnegative matrices
- Graph theory
- via Perron-Frobenius indirectly for Page-rank, Markov chains, etc.
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Irreducible matrices

Theorem 3.24

LetA € R**" be irreducible, weakly diagonally dominant, thus

n

D lagl < ai
J=1j
and let for at least one j the inequality be strict <.

Then the Jacobean as well as the Gauss-Seidel iteration converge to the
solution of the system of linear equations Ax = b for each initial guess to the
solution x*.
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Irreducible matrices

Theorem 3.25

LetA € R**" be irreducible with

a; <0 fori#j, > ag>0 fori=1,...,n,

j=1
aswellas > ;_, a; > 0 for at least one (.
Then

1. A is inverse positive, that means A~' > 0 holds component wise,
2. A is an M-matrix,

3. the Jacobean method to solve AU = b converges,
4. A is inverse monotone, that means

Ax<Ay = x<y.
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Difference methods for elliptic problems

Theorem 3.26
Let the assumptions from Theorem 3.25 be fulfilled.
It holds:

1. If for the boundary va[ue problem holds L,U > 0 in Q;, and U > 0 on 0,
then holds U > 0 on .

2. Forthe Laplace operator L = —A = f on Q) = (0,1)* and a four times
continuously differentiable solution u of the boundary value problem
holds

1UG) = u(0)la, < CH* max(|u™ (x)]).
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Difference methods for elliptic problems

Example
Consider the boundary value problem

—Au(x) =f(x) inQ=(0,1) u(x) =0 ondQ
with f (x) = max (0,1 — 8|x; — 0.5]) - max (0, 1 — 8|x, — 0.5]).

The acting force and the solution are

Acting force Solution u(x,y) for h = 0.02

AT NG
“\:\::‘:\‘Q&&\‘\\\\\\\\\\.
i\
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Difference methods for elliptic problems

Example
Consider the boundary value problem

—Au(x) =f(x) inQ=(0,1) u(x) =0 onoQ
with f(x) = max (0, 1 — 8x; — 0.5]) - max (0,1 — 8|x, — 0.5]).
Convergence speed for Jacobean, Gauss-Seidel and SOR withw € { %, %}

Convergence iterative solvers

—— Jacobean

- Gauss-Seidel
SOR, w = 2/3|

- SOR,w=15

0 5000 10000

iteration

Keep in mind, that the cg-method converges much faster!
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Difference methods on a circ

Grid for a circ:

- use a discretization for the rectangle (0, R] x [0, 27) by m resp. n nodes
with

r=(h,2h,...,mh), ¢ =1(0,k2k,...,2m —k)

- one additional grid point (1st) is the origin
- polar coordinates x = rcos ¢, y = rsin ¢ resultin

E. g. the transformed Laplace operator reads:

1 1
Au(x,y) = wr + ;”r + ﬁ”sw
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Outline

3. Solution of second order partial differential equation

3.8 Difference methods for parabolic problems
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Difference methods for parabolic problems

Consider the 1D heat equation for an unknown function u = u(x, t)

u — uxe = f(x,1) in(0,1) x (0,7),
u(x,0) = up(x) forx e 0,1],
u(0,1) = 1(2),

u(l,t) =r(t)

Given:
- right-hand side f, heat sources and sinks

- continuously (differentiable) functions uo, [ and r as initial temperature for
t = 0 and the temperatures at the boundariesx =0 andx =1
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Difference methods for parabolic problems

Discretization:
- domain (0, 1) x (0,7T) is discretized by the grid

xi=ih, i=0,...,N
G=jk, j=0,....M

- compute approximations A
Uf ~ u(x,», l‘j).
Semi-discretization:
- u(x,0) is given, successive calculation for later time layers
Uy = u(x,0) — Uly ~ u(x, k) = ... — Uy =~ u(x, T)
- transition from time layer U], to time layer U/} using single step

methods
(Euler, Crank-Nicolson, etc.)

Mathias Sawall Analysis and Numerics of Partial Differential Equations
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Difference methods for parabolic problems

Discretization of the time derivative by two-point approximation in s-direction:

vt -ul

ut(xivtj) ~ k

Discretization in x-direction:
- use the average over both involved time layers

j j j j+1 i+1 j+1
UL —2U UL, U - 2U 1 U
h? h?

e (xi, 1) ~(1 = 0)
- 0 €0, 1] as a shift for an explicit (o = 0) or an implicit (o > 0) method

Initial and boundary conditions:

v = uo(x;), i=0,...,N,
Uy=1Ut), Uy=rt), j=0,....M
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Euler explicit for parabolic problems

Case o =0:
- Euler-method in time
. ok . . .
UfH =U+ E(Uﬁ—l —2Ui + U§+|) + kf!
with v = h%
- starting with U{ i=0,...,N, of the time layer j, the explicit scheme
enables to compute approximations U/, i = 0,..., N, for the new time
layer (j+ 1)

The stencil:

lj+1

- >

X
Associated matrix:
1—2y ¥
vy 1-2v ~
A=
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Crank-Nicolson for parabolic problems

Case 0 =0.5:
- Crank-Nicolson-method in time

214+ UM = (UL + UL = 201 = UL+ (UL, + UL,) + 2K (i, 1 + 0.5K)
- in each layer one has to solve a system of linear equations with a

tridiagonal matrix to compute the new approximations /', i =0,...,N

The stencil:

li+1

]
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Crank-Nicolson for parabolic problems

Case o0 = 0.5:
- Crank-Nicolson-method in time

21+ U — (U + VL) =201 = U +y(U_, + UL)) + 2Kkf (xi, 1; + 0.5k)

- in each layer one has to solve a system of linear equations with a
tridiagonal matrix to compute the new approximations U/*', i =0,...,N

System of equations:
2(1+7) —v 2(l=7) v
— Uf""lz ~y Uj+2kfl+2

. —y —y
-y 201+7) -7 2(1—=9)
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Euler implicit for parabolic problems

Caseo = 1:
- implicit Euler-method in time direction

14 29U — (U + U = U+ kfi !
i v i—1 i+1 i i

- a system of linear equations has to be solved in each time layer, too

The stencil:

lj+1

]
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Euler implicit for parabolic problems

Caseo =1:

- implicit Euler-method in time direction
(L+ 22U =y (UL + UL = U+ kT

- a system of linear equations has to be solved in each time layer, too
System of equations:
142y —v
- Uj:'+| :U{—‘rkf;j-‘—l

. -
—y 142y
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Difference methods for parabolic problems

Local truncation error/consistency:

Oh* + k) for Euler's methods, thus the orders are 2/1
O(W* +k*)  for Crank-Nicolson, thus the orders are 2/2

Theorem 3.27 (Stability)
For the solution of the discretized boundary value problem

vt — v

. —D(z)(UU{-A+1 +(1-o)l) =f

holds

max|U’| < tnax |uo +kz max [ﬁ

0<oc<1 and 1—2(1—0)%>0
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Difference methods for parabolic problems

Numerical stability:

- limiting of time step size k depending on step size in space direction

k 1
(1- U)ﬁ < 7
- Euler explicit (o = 0):
hZ
< —
k < 7
- Crank-Nicolson (o = 0.5):
k<h,

- Euler implicit (o = 1):

No restriction!
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Difference methods for parabolic problems

Example
Consider the parabolic initial boundary value problem

U = Uy + 0.1sin(0.57x) inQ =(0,2), t >0,
u(x,0) = max(1 — 5|1 —x|,0), u(0,¢) =u(2,¢) =0.

Computation of a solution by explicit Euler, Crank-Nicolson and implicit Euler
for various step sizes in time direction. With respect to stability we get

h=02 = keyer <0.02, ken<0.04.

Expl. Euler, h = 0.2, k= 0.0 Expl. Euler, h = 0.2, k = 001 Expl. Euler, h = 0.2, k= 0.1
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Difference methods for parabolic problems

Example
Consider the parabolic initial boundary value problem

U = Uy + 0.1sin(0.57x) inQ =(0,2), t >0,
u(x,0) = max(1 — 5|1 —x|,0), u(0,¢) =u(2,¢) =0.

Computation of a solution by explicit Euler, Crank-Nicolson and implicit Euler
for various step sizes in time direction. With respect to stability we get

h=02 = keyer <0.02, ken<0.04.

Crank-Nicolson, h = 0.2, k = 0.01 Crank-Nicolson, h = 0.2, k= 0.04 Crank-Nicolson, h = 0.2, k= 0.1
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Difference methods for parabolic problems

Example
Consider the parabolic initial boundary value problem

U = Uy + 0.1sin(0.57x) inQ =(0,2), t >0,
u(x,0) = max(1 — 5|1 —x|,0), u(0,¢) =u(2,¢) =0.

Computation of a solution by explicit Euler, Crank-Nicolson and implicit Euler
for various step sizes in time direction. With respect to stability we get

h=02 = keyer <0.02, ken<0.04.

Impl. Euler-Verfahren, i = 0.2, 7 = 0.05 Tmpl. Euler-Verfahren, h = 0.2, k = 0.1
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Difference methods for parabolic problems

Example
Consider the initial-boundary value problem

U = Uyx, (x,y) EQ:(O71)v

_J 1 forxe0.3,0.5] _ _
u(x,0) = { 0 otherwise , u(0,1) = u(l,r) = 0.

, Crank-Nicolson, h = 1072, 7 = 10~

08 ‘ ‘
06
04

0.2

, L
0.2

0 0.4 0.6 1
(=]

0.8
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Difference methods for parabolic problems

Example
Numerical solution of 2D heat equation

u; = 0.1Au.
We use the implicit Euler method. This means

U(:,i+1)—U(,i)

p =0.1L0U(:,i 4+ 1)

and thus

'), i=0,1,2,....

Uit 1) = (Ip,2 —0.1kA) ~
The system matrix is defined using

1

A=—=(TQ®Ln+5L,®T) with T =tridiag(l,-2,1) € R™".

hZ
In MatLab use kl‘OIl(T, In,n) forT & In,n-

Mathias Sawall Analysis and Numerics of Partial Differential Equations
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Difference methods for parabolic problems

Example
Numerical solution of 2D heat equation

u; = 0.1Au.

Some intermediary plots.

Solution ¢ =0 Solution ¢ = 0.1

05 A ‘\IW‘M M,I

M W \‘K‘I\‘JMW

——
=
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Difference methods for parabolic problems

Example
Numerical solution of 2D heat equation

u; = 0.1Au.

Some intermediary plots.

Solution ¢ = 0.35 Solution ¢ = 1.45
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Outline

3. Solution of second order partial differential equation

3.9 Difference methods for hyperbolic problems
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Difference methods for hyperbolic problems

Standard 1D hyperbolic initial-boundary value problem:

uy = iy in [0, L] x [0, 00),
u(x7 0) :f(x)7 ul(x7 0) = g(x),
u(0,6) = hi(1), u(L,t) = ha(r)

Solution in R x [0, c0):

s L) L
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Difference methods for hyperbolic problems

Dependency domain for (x, 7):
B(x,t) ={(&t—k) : k>0, |x—¢&[ < ck}
Domain of influence:

E(or) = {(€,14+Kk) : k>0, [x— ¢ < ck}

x—ct X x4+ ct x—ct X xX+ct
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Difference methods for hyperbolic problems

Discretization of u,, in the current time layer (explicit scheme):

1 j+1 i i—1 C2 i : .
p W =20+ U = 5 (U -2+ L)
Explicit scheme
2i2
j+1 j i—1 C i : .
U =20 - U+ 7(U£+1 -0+ ULl)

, , , . . k
= U 4201 = YU+ pPUL,, — U withp = %

i

The error behaves as:
OW* + k)

Initial conditions (displacement):

U} = f(x)
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Difference methods for hyperbolic problems

Initial speed (only order 1 in time):

Ul —uf
k

=gx) = U =kg(x)+ U}

Instead use (order 2 in time):

k2
u(x, 1) = u(x, to) + kue(x, to) + ?u,,(x, to)
2,2

0 C 0 K 7
=U; + kg(xi) + Tuxx(xi7t0) =U; +kg(xi) + Tf (i)

272
S U= U kgl) + S ()

Boundary conditions:

Uy=m(y), U, =h()
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Difference methods for hyperbolic problems

General scheme (with 0 < o < 3):

ue & h o (U] =20 + UIE)) layer j+ 1
+h72 (1= 20)(U_, =2V + UL)) layer j
+h e (U =20+ U) layer j — 1

Numerical stability:

- similar to parabolic problems the time step size is limited by the step size
in space direction due to the dependence area

- for explicit Euler this is the so called CFL-condition
(Courant-Friedrichs-Levy)
ck<h

- otherwise the approximations may diverge, although the solution is
bounded
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Difference methods for hyperbolic problems

Example
Consider the initial-boundary value problem

Ur = Uy, (x,y) € 2=1(0,1),
u(x,0) =0, u(0,7) = u(l,r) = 0.

] Expl. Schema, h =2.5-107%, 7 =1.25-1073
T

0.5

-0.5

-1
0 0.2 0.4 0.6 0.8 1

(=]
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Difference methods for hyperbolic problems

Example (Oscillation of a square membrane without external influences)
Boundary value problem for Q = (0, 1)*:

utt('x7y’ t) = AM(X,y, t) = u)o‘(x’y7 t) +M.V.V(x’ya t) for(xay) € Qa
u(x,y) =0 for (x,y) € 9.

Again the same approach as in 1D u(x,y,t) = v(x,y)w(¢) results in
Uy = vw”, Au = wAvy

/!
w'v = Avw

Av o w’
Sy,
v w
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Difference methods for hyperbolic problems

Example (Continuation)
First problem: computation of the eigenmodes in 2D

Av=—X\v inQ,
v=0 on of).

Second problem: due tow"” = —\w the oscillation is
w(t) = acos (\/Xt) + bsin (\/Xt)

A with a small amount: low-frequency (fundamental) natural oscillations,
A with a large amount; high-frequency natural oscillations.
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Difference methods for hyperbolic problems

Example (Continuation)
The eigenvalues for the analytical problem are

A= —(kn)* — (bn)’,  k£=1,23,...

and thus
(k,0) = (1,1) = X\ = —2x°, multiplicity 1
(k,0) = (1,2) = 3= -5, mult. 2as (k,£) = (2,1)
(k,0) = (2,2) = Aa= -8, mult. 1
(k,0) = (1,3) = s =—107", mult. 2as (k,£) = (3,1)
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Difference methods for hyperbolic problems

Example (Continuation)
Discretization matrix forn = 3

4 —1 P —1 ;
-1 4 -1 -1 !
-1 ! 1
| oy [ R oy
A= — -1 L1 4 -1 1
L 1 1 i -1
"""""""" F e A
! -1 o1 4 -1
! —1 1 4

In contrast to the previous example —Av = f and thus AU = F we now
compute the eigenvalues and eigenvectors of A as we seacrh for solutions of
AU = \U.
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Difference methods for hyperbolic problems

Example (Continuation)

Numerical approximations forn = 69 (eigen value problem for R¥76!x4761)

A= —19.736 A2 = A3 = —49.320 A2 = A3 = —49.320

A2 = A3 = —49.320

0.8

0.6

0.4
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Example (Continuation)

Numerical approximations for n = 69 (eigen value problem for R¥76!*4761)

Ay = —78.904 As = Xg = —98.560 As = Xs = —98.560
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Difference methods for hyperbolic problems

Example (Continuation)

Computing the complete solution based on the eigenmodes. The single
eigenmodes behave as

uj(x, 1) = (aj cos (\//\_Jt) + bjsin (\/A_jt))v;’j, j=1,2,3....
The complete solution reads

n

u(x, 1) = Z (ajcos (v/Nit) + bysin (v/Ait) ) V.

J=0

with a number of n < N eigenmodes. The coefficients a; depend on the initial
data and the coefficients b; on the initial speed.
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Difference methods for hyperbolic problems

Procedure for an arbitrary initial displacement and without initial speed:

1.
2.

compute the eigenmodes v; € RY, store themin V = (vi,...,w)
decompose the discretized initial displacement into the eigenmodes

U(:,0) = Va

with coefficients a € RY

. due to w’(r) = —Aw(r) the oscillation for mode \; is

1) = acos(v/Ait) + Bsin(+/Ait)
and as w'(x,0) = 0 and all v, ..., vy are linear independent it holds

61:...:@1:0, o = a;

. the numerical solution is

Z ap cos /\gtj Ve

based on the first n < N eigenmodes
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Difference methods for hyperbolic problems

Example

We solve the 2D wave equation u, = Au for Q = (—1,1)* and with the initial
condition

u(x,y,0) = uo(x,y) = exp(—200(x* +y?)),
uf(x7y7 O) =0

and on the boundary holds u(x,y,t) = 0 forallt > 0.

BUT: for h = 0.02 and thus A € R*"™%! we have to use a large number of
eigenmodes to get reasonable results. For m = 600 the results are

Solution £ =0 Solution ¢ = 021 Solution ¢ = 0.42 Solution ¢ = 057
1 1 1 1
05 05 05 05
0 0 0 0
05 05 05 05
1 1 1 1

1 1 1 1

) o o o o o ° [l
1A 1A 1A 1A
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