Outline

6. Interpolation
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Polynomial interpolation

Given:
(xi, i), i=0,...,n

To compute: Polynomial p(x) of degree smaller than or equal to n with

pxi)=fi, i=0,...,n.

Interpolation condition: The nodes xo, . . . , x, have to be pairwise different.

Theorem 6.1
For pairwise different grid points the interpolation polynomial is unique.
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Polynomial interpolation

A simple approach to compute the polynomial:

p(x) = ao + arx + ax’ + ...+ ax".

System of linear equations (Vandermonde’s matrix):

1 xo xé

2
I x1 x
1 x x,

with

X0 ao Y0
X\ ai i
. =1 (6)
X, an Y

det(Var) = ] (x—x).

1<i<j<n

But: The problem is ill-conditioned. Use other approaches.

Mathias Sawall
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6. Interpolation
6.1 Lagrange interpolation
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Lagrange interpolation

Definition 6.2

According to xo, - . . , x, the Lagrange basis functions are

=[] ~—*

Xi— X
j=04#i "

Obviously holds

o mex [ 1 fore=i
lilxe) = H e { 0 otherwise.
J=0,jF#i
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Lagrange interpolation

Definition 6.3
The construction .,
X — X
px) = Zfili(x) = Zfi H ﬁ
i=0 i=0  j=0,i " J

is called Lagrange polynomial.
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6. Interpolation

6.2 Newton interpolation
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Newton interpolation

Newton interpolation (1)
- successive structure, start with one interpolation point, then 2, 3, etc.
- degree of the polynomial increases by one per step,

initialisation po(x) = yo

- first iteration step

Y1 — Yo

pi(x) =po(x) +ci(x —x0), with ¢ = .
X1 — X0
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Newton interpolation

Newton interpolation (2)
- further iteration from p,,—1(x) to p.(x) by

m—1

Pu() = o1 () + en [ [ (= ),

i=0
- to have pm(xm) = ym Next to pu(x;) =y forj =0,...,m — 1 use

Ym — Pm—1 (xm)

T2 Gon — i)

Cm =
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Newton interpolation

Definition 6.4
Using fxo] = yo the divided difference are

flxm, - ., x0] ::c,,,:ymmtlpmifl(xm)7 m=1,2,...,n.
[TZ (o — xi)
The representation of p,,(x) in Newton’s form is
m i—1
pm(x) = Zf[xiv- ,XO]H(X—Xj)
i=0 Jj=0

Theorem 6.5

Letxo, ..., xn be pairwise different and f[xo] = yo, . ..,f[xu] = yn. We can apply the
recursion

] :f[x,,,,...,)ﬂ] — flm=1, -, x0]

SXms -5 x0
Xm — X0
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Newton interpolation

Computation of coefficients using Newton’s scheme:

- initialisation f[x;] = y; fori =0,...,n,

- triangle scheme

X0

X1

X2

X3

flxo)
fal
flx2]
flxs)

flal=flx] _. flx1, %)

X1 —X

flol—fla] _. flox]=flxix] . ¢
o =il o =P, X, x0)

% =:flx3, %] j%iwzif[xmxz,m Slxs, %2, %1, X0]

- the interpolation polynomial reads

Mathias Sawall

p(x) = flxo] +flxr, xo] (x — x0) + f[x2, x1, x0] (x — x0) (x —x1) + ...
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Newton interpolation

Example:
- interpolation of

(_1’5)7 (Ov4)7 (17_3)7 (273)7
- polynomial of degree < 3,
- Newton’s scheme by divided differences
—-11] 5
0 4 -1
1 |-3 -7 -3
213 6 B ¢

- interpolating polynomial is

px) =5—-1(x+1) =3(x+ )x+ %(x—i— Dx(x—1)
19 3

_ 43 5
=4 6x 3x+6x.
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Newton and Lagrange interpolation

The single Newton steps (left) as well as the single Lagrange basis functions (right)

niw) 2160)
L(z) Ip()
6 6 15 { 15 (
4 4
2 2 1 1
0 0 05 05
2 -2
0 0

-4 -4 ]/

-2 [} 2 2 0 2 05 05

2 0 2 2 0 2
( :
pa(z) pa(x) Iy(x) Iy(z)

6 6 15 15
4 4 1 1
2 2
o 0 05 05
2 -2 0 0
4 -4

2 o 2 2 o 2 0%, 0 2 0%, 0 2

Both approaches result in the same polynomial
1
p) =5 — 10+ 1) =3+ 1)x + ;(x—I— Dx(x — 1)

x(x —1)(x —2) x+1DEx—-1)(x—2) (x+ Dx(x —2) x4+ Dx(x—1)
— +4 . +(=3) - +3 :

43 19
=4 Zx-32 4+ =5
6)C X 6X

=5
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Newton interpolation

Extension:

- consider that we add (-2, 5) as additional point to the previous example,
- the extended scheme is

—-1| 5
0 4 —1
1 -3 -7 -3
213 6 B 2
s 1 E
- the new polynomial is
- 19
p(x):5—1(x+1)—3(x—|—1)x+g(x—&—l)x(x—l)—k(x—&—l)x(x—1)(x—2).
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6. Interpolation

6.3 Error or the interpolation
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Error or the interpolation

How about max,c, 4 [f(x) — p(x)| for a function f(x)?

Theorem 6.6

Letf(x) be (n+ 1) times continously differentiable on the interval [a, b]. Further let
a<x<x <---<x, <bandp(x) be the interpolating polynomial for (x;,f (x:)),
i=0...,n. Then it holds

G — ()] < (wai')! ma [0 (g)

for

n

w(x) = H(x —Xx).

j=0
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Limits of polynomial interpolation

Runge, 1901:
- interpol. of (1 +x*)~"', polynomials of nth degree, equidistant nodes in [—5, 5],
- very bad approimations for large n, oscillations at the boundary.

pa(x) ps(z)
! 7N ! N
/AN [\
05 /0 N\ 05 R
”
ot 7 V-9 of~ )4
\ \ /
05— 05
5 0 5 5 0 5
pi(z) ] ps(z)
/
1 r /N

5 0 5 5 0 5
pio(z pu(z)
R 10(x) 11
0
10
1
2 5
4 0 o o66e
5 0 5 5 0 5 5 0 5
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Limits of polynomial interpolation

Sesitivity for noise:
- interpolation of f(x) = sin(27x) using 22 equidistant knots on [—1, 1],
- comparison of p(x) for noisy and noise free data 3 = (1 + §)f(x;) with e = 107%,
- large differences for the polynomial and high oscillations at the boundaries.

) ‘O yi = sin(Z‘Trz,)
15 | p(x) for (zi,y:) —
B(x) for (z;, (1+ €)y:)

-1 -0.5 0 0.5 1
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6. Interpolation

6.4 Hermite Interpolation
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Hermite Interpolation

Modified problem:
- interpolation also for values of derivates of f(x),

- nodes xo < x1 < -+ < x, and values £V = £ (x,) forj = 0,... . n — 1,
- compute an interpolation polynomial p(x) with

deg(p(x)) <n, n+1=> m
i=0

such that
pU)(xi):ﬁO), j=0,...,m—1,i=0,...,m. (7)

- the interpolating polynomial is unique as n + 1 degrees of freedom equals the
number of conditions.
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Hermite Interpolation

Scheme for a block to one node:

Interpolating polynomial

Mathias Sawall

X0

X0

X0

X0

o]
Flxo] I (ll!‘o)

fll S

1 (n)
f[x()] f (ll!o) f n(!xo)
/ (n)
Xo S (x0
‘*(X_XO)_A'_..._A'_ n'( (X—X())n
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Hermite Interpolation

Example:
- interpolation of (—1,2), (0, 1), (1, 3) with the additional condition p’(0) = 1.5,
- Newton’s scheme

—_

—oco !l

- interpolation polynomial

p(x) =2 — (x+ 1) +2.5x+ Dx— 1(x + 1)x*.

-1 0 1 2
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Hermite Interpolation

Example:
- interpolation polynomial for f(x) = 1/x using xo = 1, x1 = 2,
- conditions
fxo) =1, f'(x0) = =1, f(x0) =2, f" (x0) = —6
flx1) =05, f(x)) = —0.25

- Newton’s scheme

1] 1

11 —-1==

1] 1 -1 1=12

1] 1 —1 1 -1=-3
2012 43 b
RIS D T T

- interpolation polynomial

P = 1= (= 1)k (= 17 = (= D 4 (e D' = 1= 1) = 2).
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6. Interpolation

6.5 Splines
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Splines

Splines:
- many interpolating points,
- local interpolations for a few neighboring points instead of a global polynomial,
- piecewise composed polynomial using smoothness requirements at transitions.
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Splines

Definition 6.7

The cubic splines are defined as follows: For the pairs (xi,y:), i =0, ...,n, compute a
spline S that interpolates these points such that

St xipa] (%) := pi(x) is a polynomial of degree 3

and to make sure that the function is twice continously differentiable at the transition
points. This means S has to fulfill the four conditions

pi(x) =y, pilxiq1) =vyir1, pi(x) =piyi(x), pi(x) = pipi(x).
For the first and the last polynomial there are no boundary conditions. The selection
§"(a) =S"(b) =0

results in the natural splines.
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Splines

Computation of the splines:
- alinear system of equations (moment equations) to calculate the cubic splines,
- quite technical, see the following theorem.

Theorem 6.8
If the twice continuously differentiable cubic spline S satisfies the interpolation condition
S(Xj) :ﬁ‘, j:o,...,}’l7

then on [x;, xj+1] its form reads

Xji+1 — X L=
S(x) = fi~L -
(x) ﬁxj--H — Xj +ﬁ+1xj+l — X
1 Xit1 — X)(x — x;
Lsr ey = DE0) (0 4 (- 5)
Xji+1 — X
1 Xjit1 — X)(x — x;
- gs”(le)(’H_—)_(_’)((x = x;) + (%41 — X))
Xj+1 — Xj
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Splines

Theorem 6.9
Under the conditions of Thm. 6.8 it holds for the moments S” (x;) forj =1,...,n— 1 that

Xji+1 — Xj  on 7 Xj — Xj—1
—S5"(x; + 28" () + —————
X4l — X1 ( J+1) ( J) Xit1 — X1
6 <ﬁ+1 —fi S Ji- >

X1 — Xj—1

= Of [xj—1, %), %i11].

8" (x-1)

il =X X = X

Theorem 6.10

Together with the two conditions, e.g. S” (xo) = S (x.) = 0 for the natural splines, the
system of linear equations has a unique solutions. The matrix of the system has a
condition not larger then 3.
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Splines

Example:
- consider once again the example of Runge
1
flx) = T2

- cubic splines for equidistant nodes and [—5, 5] using MatLab,
- much better results than for polynomials, maximal error

S(x) — £(x)| ~ 0.022.
max, |S) —f(x)]

Splines vs. polynomials

T

O points
—— polynomial
——splines

-5 0 5
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Splines

Splines in MatLab:
f=@(x) 1./(1+x."2);
X =-5:5;
Y = f(X);
xx = linspace(-5,5,401);
yy = spline(X,Y,xx);
plot(X,Y,0’,xx,yy)
max(abs(yy-f(xx)))
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6. Interpolation

6.6 Numerical differentiation
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Numerical differentiation

Definition 6.11 (Finite differences)

The approximations
by = LN 1),
b9 = =S,
Dy — L+ ) —fe =)

2h

forf'(x) are called forward difference, backward difference and central difference.

Theorem 6.12 (Approximation orders)
For the finite differences holds

f(x) = DYf(x) = O(h), (order 1)
f'(x) =D f(x) = O(h), (order 1)
f'(x) = D (x) = O(h?), (order 2).
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Numerical differentiation

Example:

- approximation of f'(xo) for f(x) = arctan(x) and xo = 0.5
- approximations errors for different 4

h | ID*f(x0) —f'(x0)]

ID”f(x0) = f'(x0)|__|D"f (x0) —f'(x0)|

0.1 321072 3.1-1072 43-107*
0.01 3.2-1073 3.2-107° 43.107°
1073 3.2-107° 3.2-107° 4.8-107"2
10°
—%—D*f(x0) —
—-Df(x0)
Df (x0)

Mathias Sawall

10°
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Numerical differentiation

Example:
- approximation of f'(xo) for f(x) = arctan(x) and xo = 0.5
- but we cannot reduce & arbitrarily, as

h | ID¥f(x) —f'(x)|  ID7f(x0) —f'(x0)| D% (x0) —f"(x0)]

10~ 27-107° 29-107° 1.0-107°
10~ 6.4-107* 6.4-107* 6.4-107%.
10°

10—10

10710 10°
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Numerical differentiation

Definition 6.13 (Finite differences)

The approximation

fe=h) =2 +f(x+h)
h2

Df(x) =

forf" (x) is called central difference of second order.

The error of the second order central difference is in O(h?), so D?f is an approximation
second order, thus
f"(x) = D’f(x) + O(K).
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Numerical differentiation

Partial derivatives of higher order in 2D:
- mixed partial derivatives for hy = hy = h

e A u(x +hyy+h) —ulx+hyy—h)—ulx—~hy+h)+ulx—hy—nh)

412
- central difference of second order for h, = h

Uew 22 u(x—|—h,y)—2u(x,y)+u(x—h,y)
xx ~ 2

- for the Laplace operator or Laplacian for i, = h, = h we get

Au = e + Uyy

ul ot hyy) 4 u(x — hyy) + ulx,y )+ u(,y — h) — du(x,y)
~ "
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7. Numerical integration
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Numerical integration

Goal:

b
Pl SR 1) = [ f@ar=?
Approach:
1. segmentation

a=x0<x1<...<xp—-1<2xn =,

2. approximation of f(x) on [x—1, x| by a function (polynomial p,(x)) which is easy to
interate and use

/abf(X)dx: i/x:f(X)dx
~ kz:/:]pk(x) dr.
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Numerical integration

Definition 7.1
In general an approximation formula of the form

0n(f) = Y- auf) ~ [ ()
k=0 @

is called an quadrature formula.

Remark 3
A quadrature formula is a weighted sum of the function values, as

for 1 segment:  Qu(f) :/ pm(x)dX:Zf(Xk)/ Ik(x) dx.

——
qr€R, weights
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Simple composite quadrature formulas

Definition 7.2
The summation over all segements results in the composite rectangle rule

Ri=h(fo+fi+...+fi1),

with f; = f (1), the composite midpoint rule

M, = h(f(a+ 0.5h) + f(t1 + 0.5h) + ...+ f(b— 0.5h)),

and the composite trapezion rule

= h(0.5f +fi + .- + fu1 + 0.5,).
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7. Numerical integration
7.1 Standard integration problem

Mathias Sawall Introduction to Numerical Mathematics WS 23/24 164 /242



Standard integration problem

Standardization:
generaldomainx € [a,b] — e [-1,1].

Definition 7.3
In the following we consider the standard integration problem

/_ 11 f(2) dr.

The transformation to a general interval is

b+a+tb—a.

[_17 1] - [avb]’ QO(I) = ) )

In

n

0.(F) = 3" axf (1)

k=0

we call i, € [—1, 1] the nodes and a; the weights.
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7. Numerical integration

7.2 Newton-Cotes formulas
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Newton-Cotes formulas

Idea:
- generalization of the compsite interation rules,
- divide the interval [—1, 1] into m equal parts by

o= —14kh k=0, ...m with h=2,
m

- take all m + 1 nodes and replace the function f(¢) by its interpolation polynomial
pm(t) of degree < m,

- for simplification we focus not on subintervals but on the whole [—1, 1] and derive
formulas

pu() =S f)0), L) = J] =L
i=0

jmog 0Tl
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Newton-Cotes formulas

Definition 7.4

The degree of exactness of an quadrature formula Q,.(f) is the maximal integer g > 0,
for which holds

1(p(1)) = Ou(p(1))

for all polynomials p(t) of degree q.

Theorem 7.5

Lett,...,tn € [—1,1] be m + 1 pairwise different nodes. The quadrature formula
1 m
1) = [ e i = 0u() = 3 a)
-1 i=0

is exact for all polynomials of degree < m < the weights are given by
1 m
o t— 1t
a 7/7 ="
1j=0,ji y

(Integral of the Lagrange basis functions.)
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Computation of the weights

Conditions:
- quadrature formula

/ o) dr =Y aig(sy),
-1 i=0

2

- exactness for all polynomials of degree < m < itis exact for ©°, ¢!, ,. ..

- thus we demand

/t’dt Za,t,, j=0,....m,

the weights «; satisfy the linear system of equations

2

Zt-jai: ) for even j
[_:0’ 0 for odd j

forallj=0,...,m

Mathias Sawall Introduction to Numerical Mathematics WS 23/24
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Computation of the weights

Example:

- set up a formula of second order using the nodes 1o = —1,1r, =0and , = 1,
- formula has the form

/_1 g(x) dx — aog(to) + a1g(t1) + a2g(t2)

- system of linear equations

gy =" =1: ao + ar +a =2
gl)=1": —ag +a =0
gy =1 ao +a = %

- solutionis ap = %, a1 = %, a» = 1, (Simpson’s rule)

[ e % 351+ 3500 + 5500,
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Computation of the weights

Simpson’s rule for an arbitrary interval:

[ o= 2 (st + 4 410 )

Remark 4
In general the degree of exactness of Newton-Cotes formulas using m + 1 nodes is

m for odd m,
m+ 1 for even m.
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Kepler

Application from 1615:
- already Kepler used Simpson’s method without knowing it,
- computation of the volume of a barrel, thus approximation of

b
v=r [ (W) a
- Kepler used

Vmﬂ'g(rg—&—élr,zn—&—ri).

m= 4=
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Weights

Weights:

- for the standard integration problem on [—1, 1],
- using one single subinterval and the nodes

2
t=—1+k=, k=0,...,m
m
m | weights degree of error name
(ax) exactness
0|2 0 hzz (&) | rectangle rule
3 .
11,1 1 ’;—2 "(€) | trapezion rule
2| 3 %3 3 r® () | Simpson’s rule
3 d g 3 WFO(E) | 3/8 rule
7 A )
4 4153 %7 411_§7 459 431_?’ % 5 %f(4)(£) Ml|ﬂes I’ule

Mathias Sawall
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Newton-Cotes formulas

Remarks:

1. Don’t use Newton-Cotes formulas of higher order, because some weights will
become negative, which will cause cancellation of significant digits.

2. In general, the sequence
Oun(f), m=1,2,3...

does not converge to filf(t) dr.
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7. Numerical integration

7.3 Composite Newton-Cotes rules
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Composite rules for the standard interval

Composite formula:
- use a discretization of the complete interval,
- apply the previous quadrature formulas for the single segements
- m = 0: constant polynomial, rectangle rule,

- m = 1: polynomial of degree 1, trapezion rule,

fo 3l 2] 4] 14 Is te

N~ -
Io I J4) I

- m = 2: polynomial of degree 2, Simpson’s rule,
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Composite rules for the standard interval

Examples for the standard interval [—1, 1]:
1. composite rectangle rule

R(F(=1) +f(=1+h) +f(=1+2h) + ...+ f(1 — h))
2. composite trapezion rule

h
E(f(—l) + 2 (=14 h) +2f (=1 +2h) + ...+ 2f(1 — h) + (1))
3. composite Simpson’s rule for an even n

g(f(—l) +AF(—1+ h) +2f (14 2h) + 4f (=1 +3h) + ...+ 4f(1 — h) + £(1)).
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Composite rules for a arbitrary interval

Procedure for an arbitrary interval:
- select a number n of nodes x; = a + ih with stepsize h = 24,
- compute the function values f; = f(x;)
- select an integration rule

The composite rules are:

Ri=h(fo+fi+h+...+fin),

h
To=5 (o +2fi + 26+ ...+ 21 +1),

h
&:§m+%+%+%+m+m+m4+%4ﬂa
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Newton-Cotes formulas

Example:
- consider the approximation of

1 /2 X
I = dx=1.
In(2) /0 1 4 sin(x)

- using different composite formulas for different discretizations

n | R | M, | T, | S

5 | 0.8162 | 1.0029 | 0.9942

10 | 0.9095 | 1.0007 | 0.9985 | 0.999975
50 | 0.9821 | 1.0000 | 0.9999 1.0
100 | 0.9911 | 1.0000 | 1.0000 1.0
200 | 0.9955 | 1.0000 | 1.0000 1.0
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Composite rules for a arbitrary interval

Error terms for an arbitrary interval:

b b—a)h ,
[ e ac—r) < L5 max i),
b 2
/a FO)dx—T| < %(b—a)lgl[% I4on
b h4 (4)
/ﬂf(x)dx—s,, < 15 (b — @) max V).

Remark 5
1. The rectangle rule is exact only for constant polynomials, the trapezion rule is
exact for polynomials of degree 1 and Simpson’s rule is exact for polynomials of
degree 3.

2. The integration errors can be used to determine a proper number of nodes n so
that a given error level is not exceeded.
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7. Numerical integration

7.4 Romberg’s method
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Romberg’s method

Idea:
- multiple calculation with a quadrature formula with halved step size each time,
- use of previously calculated values for composite trapezoidal rule,

2i—1
2

1 h

- extrapolation to improve the approximation

lim I(h) = / f(x) dx.

h—0
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Romberg’s method

Procedure:
- basic step size h = (b — a) /m,
- initializationfori =0, 1,2, .. .,

Lo = Ty, (comp. trapezion rule for h = E/z"),

extrapolation to 4 = 0 using I; ¢ yields Romberg’s scheme

Y e

Ii j — f I = 17 . IS
J 41 J '

- scheme for basic step size

h: I

. N\

% : 11,() — 1171

. N\ hS

% : 12,() — 1271 — 12,2

. N\ N\ N\

L. Loy — by — Ly — I
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Romberg’s method

Example:
approximation of

/I Y () dx,

using trapezion rule and Romberg’ scheme for extrapolation,

run the iteration until

10.362
12.852
13.685
13.934
14.002
14.020
14.024
14.025

13.682
13.963
14.017
14.025
14.026
14.026
14.026

13.982
14.021
14.026
14.026
14.026
14.026

|Tn,n71 - Tn,nl S g,
the scheme (using 5 digits) reads

14.022
14.026
14.026
14.026
14.026

- errorfore = 1077 is 6.3753 - 1079,
- errorfore = 107'%is —3.8345 - 10717,

Mathias Sawall

14.026
14.026
14.026
14.026

14.026
14.026
14.026

Introduction to Numerical Mathematics WS 23/24
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14.026

14.026
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Outline

7. Numerical integration

7.5 Gaussian quadrature - optimal choice of nodes
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Gaussian quadrature

Example:
- consider a quadrature rule for [—1, 1] with two nodes QO(f) = aof (to) + aif (t1),

- try to reach maximal degree of exactness (3 since 4 degrees of freedom), thus

- equations
Q(l) =ay+a =2, Q(l‘) =aotp + a1t1 = 0,

2
0(f) = aoty + ant; = = 0(f) = aoty + art; =0,

3?
solution of the nonlinear system of equations is
fo,1 = ++/1/3, ao,1 =1,

- quadrature rule (Gaussian quadrature for two nodes) reads

Q1) =F(=V1/3) +£(/1/3).
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Gaussian quadrature

General approach:

On(f) = > aig(t) (8)
i=0
- 2m + 2 degrees of freedom, thus exactness for x' fori = 0,...,2m + 1.

Definition 7.6
With the initialization po(x) = 1 and p:(x) = x the Legendre polynomials are defined as

(n+ Dpuss (¥) = 20+ Diapa(x) — npucs (2).

Eamples:
1
pa®) = 53¢ = 1),
L o oy e = L -
p3(x) = 3(2x(3x 1) —2x) = 2(5x 3)x,
pa(x) = é(35x4 — 304" +3).

Mathias Sawall Introduction to Numerical Mathematics WS 23/24 187 /242



Gaussian quadrature

Legendre polynomials for [—1, 1]

5 First Legendre polynomials

-1 -0.5 0 0.5 1
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Gaussian quadrature

Theorem 7.7
1. The nodes of the quadrature formula (8) are the zeros of the Legendre polynomial

of degreem + 1.

2. All zeros are simple and in [—1, 1].
3. The degree of exactness of the Gaussian quadrature rules are 2m + 1.

Gaussian rule form = 2 for [—1, 1]
0:() =5 (3(- VD w0+ sﬂﬁ)).

Nodes and weights for m = 3

fo3 = +0.861136 ...,
a0z = +0.347854 . . .,

t12 = +0.339981 . . .,
ary = +0.652145 . . ..

189 /242

Mathias Sawall Introduction to Numerical Mathematics WS 23/24



Gaussian quadrature

Arbitrary integration domain:

- for the complete domain with h = b — a,
- degree of exactness 3

o) =5 (r(“5* A e

1b—a
Le3)
- degree of exactness 5

Qz(f)zg(gf(a;b— gb;) f(a—|—b) Sf(a—;b+\/§bga)).
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Improper integral

Example:
- consider (with the true value I = 1)

- use the coordinate transformation

dx
=tan(f), — = =
* = tan(t), dr  cos(r)? dr cos(t)?

- approximation of

1
2
\/_/gexp — tan(t ))cos(t)2 de,

- using composite Gaussian quadrature formulas with n € {5, 10} subintervals
n | () 0s(f)
5 ] 0.99942 1.00221
10 | 1.00088 0.99995
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Outline

7. Numerical integration

7.6 Two-dimensional integrals - cubature formulas
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Two-dimensional integrals

Problem:
u:S—R, SCR? //u(x,y)dcr:?
s

Applications:
- finite elements method to solve elliptic pde’s numerically.

Different situations:
- quadrangles or triangles with (4 resp. 2) edges being parallel to the axes
— simple
- arbitrary triangle/quadrangle
— more complex, use a coordinate transformation and cubature formulas,

- general domain S (curved boundary)
— most complex.
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Cubature formulas for the finite element method

Definition 7.8
The triangle with the vertices (0,0), (1,0) and (0, 1) is called reference triangle T,.

Approximation of
1 1—x
I:/ f(x,y)dydx:/ / f(x,y) dydx.
T, 0o Jo

Example
1. The following cubature formula is exact for all polynomials up to degree 1

£ (70,0 +7(1,0) +£(0, 1) ~ 1.

2. The following cubature formula is exact for all polynomials up to degree 2

é(f(O.S, 0) +£(0,0.5) +£(0.5,0.5)) ~I.
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8. Ordinary differential equations
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Ordinary differential equations

Definition 8.1
An ordinary differential equation of first order (ode) has the form

Y@ =f(xy(), a<x<b,

withf : [a,b] x R" — R" (this includes also systems withn > 1). Typically f is called the
ride-hand side of the ode.

Definition 8.2

A initial value problem or Cauchy problem consists of an ordinary differential equation
of first order and an initial value

Y (@) =flxy®), a<x<b,

withf : [a, b] x R" — R".

Wanted:y : [a,b] — R".
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Outline

8. Ordinary differential equations
8.1 Numerical solution & Euler's method
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Numerical solution

General procedure:
- discretisation of the interval [a, D]

a=x<x<x<...<xn=b,

- step sizes ki = xiy1 — x;,
- approximations Y; ~ y(xi),
- initialization and iteration

Yo = y(a) = yo,
Y,’_H:Y,‘—|—h,’q>()c,’,Y,‘,I’l,‘)7 lZO,,N—l
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Simple methods

Euler's method (only to explain the basic idea):

Yir :Yi+hf(xi,1/i), i=0,1,2,....

Crank-Nicolson (Trapezion rule):

Y=Y+ %(f(xi, Yi) + f(xig1, Yi+l)))~

Midpoint-rule (Gaussian integration):

Y=Y +h4’f(xi + hi/2, (Y + Yi+l)/2))-

Euler-Heun method:

Vit = Yok 2 (7, o) £ b, Yo B (3 ).
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8. Ordinary differential equations

8.2 Runge-Kutta methods
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Runge-Kutta methods

Idea:
- simple iterations

Yig1 =Yi+ hi®(x, Yi, bi)
without using further iterations directly,
using s stages between x; and x;; for high accuracy,
evaluation of K; using results of previous stages Ki, ..., Kj_1,
- linear combination of evaluations to define the next iterate,
- simple analysis of the error and the order.
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Runge-Kutta methods

Definition 8.3 (Kutta 1901)
Let s be an integer (the number of stages) and ajj, bi, c; € R. Then the method

K1 = f(xe,ye),
K> :f(xz P Czh,yz -4 halel),
K3 = f(xe + c3h, ye + h(az1 K1 + anka)),

Ks :f(xZ —+ Csh7y[ + h(alel +...+ as,sflefl))

with
Yer1 = Yo+ h(biKi + . .. + bK;)

is called an s-stage explicit Runge-Kutta method. Further, ®(x;, Y., h) with

Yz+1 =Y, + h‘b(X[, Yz,h)

is called process function.
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Runge-Kutta methods

Butcher tableau of a Runge-Kutta method:

0
| ax
c | a1 am
Cs s s s—1
by by -+ b1 by

Butcher-tableau for Euler-Heun

Butcher-tableau for Euler's method

L’T

0
1|1
12 12
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The Runge-Kutta methods

Definition 8.4
The Butcher-tableau

0

1 1

2 2

3| 0 3

1 0 0 1

|1/6 1/3 1/3 1/6
with
K1 = f(xe, Ye),

1 h
K» =f(x¢e + Eh’ Y, + §K1)7

1 h
K= “h Y+ o
3 f(xz+2 , e+2K2),
Ks =f(x¢ + h, Yo + hK3),
h
Yir1 =Y+ E(Kl + 2K> + 2K3 + Ka)

is called "the” Runge-Kutta method or RK 4.

Mathias Sawall Introduction to Numerical Mathematics WS 23/24 204 /242



Predator-prey simulation

Consider the Predator-prey equation
¥(1) = ay(t) — by(1)z(1),
2(1) = ey(t)z(t) — dz(1).

Simulation for ¢ € [0, 10] as well as the initial values y(0) = 2, z(0) = 1 and the
parametersa=3,b=1.5,c=08andd = 1.5.

Predator-prey simulation

. Phase plot
—— Hares

— Foxes 35

N 3

25
—

= 2
v

1.5

1

0.5

0 0

0 2 4 6 8 10 0 1 2 3 4
1 ¥(1)
Mathias Sawall Introduction to Numerical Mathematics WS 23/24 205/ 242



Outline

8. Ordinary differential equations

8.3 Local truncation error and order of Runge-Kutta methods
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Local truncation error

Evaluation of the local error in a single step.

Definition 8.5
Let ®(x,y, h) be a process function. We call the term

y(x +h) = y(x)

T(x,h) = A

— O(x,y,h)

local truncation error of the Runge-Kutta method. If

|7 (x,h)|| = O") forh — 0,

then we call p the order of the Runge-Kutta method.
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Local truncation error

Local truncation error for Euler’s method (®(x,y, h) = f(x,y)):

T(x,h) = w — O(x,y,h)
_ @)+ hy'(x) 4h- o) —y(x) ~ f(xy)
=y'(x) + O(h) = f(x,y) = O(h).
¥ (x)

— orderp = 1.
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Local truncation error

Taylor-series 1:
- the term

2

= y(x) + hy'(x) + %y”(x) +...

Yy +h) —y(x)
h

is always the necessary,
- therefore we use

Y (x) = f(x,y),
V) = (/) = LX) gy,
Y (X) = fu + 2fof +fof + A LS,

- so the transformed term using a Taylor-series reads

_ 2
WY oy g i) 4 2 a2 + 1 )+

- the other Taylor-series depends on the method.
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Local truncation error

For Euler-Heun:
- the iteration is

hi
Y1 =Y+ E(f(xi, Yi) + f(xi + h, Yi+ hf (xi, 7)),
- Taylor-series no. 1 from the last slide

yxr+h) -y

h
7 :f+§(fx+ﬁ)f)+...,

- Taylor-series no. 2
1
D,y 1) = 2 (P00 3) 7O+ by + W(60) + o) = 2 (F +f + s+ + .. ),
2 2
- local truncation error
T(X,h) = M - (I)(x7y7 h)
h /
= (f+50+hH) - %(f +[ + W+ L) + O(R) = O(),

- thus the method is of order 2 (at least).
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Order of Runge-Kutta methods

Some orders of Runge-Kutta methods:
- Euler's method has order 1,
- Euler-Heun has order 2,
- Crank-Nicolson has order 2 (implicit),
- midpoint rule has order 2 (implicit),
- the Runge-Kutta method from definition 8.4 has order 4.

Remark 6

The order of an explicit Runge-Kutta method is bounded by the number of stages as
follows

s|1 2 3 4 5 6 7 8 9 s>9

qg|1 2 3 4 4 5 6 6 7 g<s—-2

The number of equations that we have to respect depend on the order as follows

s|1 2 3 4 5§ 6 7 8
q| 1 2 4 8 17 37 85 200
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Order of Runge-Kutta methods

Example:
- consider the initial value problem
Y (x) = —sin(x)y(x), x € [—10, 10],
Y(=10) = ecos(—10)
- the analytical solution reads y(x) = e“*®,

- application of different numerical methods and different step sizes,
- calculation of the maximal error

y(x) = Ya(x)].

max
xe[—10,10]

Maximum error

10° m .
~ .
| 0®
=z
EaY
%
T 1010
g
——Euler
—— Euler-Heun
_ RK4
10715
102 102 o .
h
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8. Ordinary differential equations

8.4 Adaptive Runge-Kutta methods and step size control
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Adaptive Runge-Kutta methods and step size control

Accuracy and effort:
- accuracy of the approximations & required computation time
depend on the method, the step size and the ode,

- small step sizes provide good approximations,
but cause a high computational effort.

Adaptive Runge-Kutta methods:
- adjust the step size to the current behavior of the solution of the ode,

- estimate the suitable step size using a second method
and compare the two approximations.
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Adaptive Runge-Kutta methods and step size control

Procedure for a desired accuracy e:
1. Compute approximations for the current iteration

Y=Y+ h¢(xi7 Yivhi)7
Y=Y+ h(i‘(xi, Y, hi)

using the process functions ® and & with the orders p and p + 1,
2. Compute the value
1
9 = <75 _ ) o
Y Y|
3. Case differentiation

¥ < 1: Discard the step, set & := max(1%, 0.5)h, execute step 1 again.
¥ > 1: Accept the approximation and increase the step size for the next step

X1 =Xxi+h, Y=Y, h:=min(2,9)h.
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Adaptive Runge-Kutta methods and step size control

Embedded Runge-Kutta method DOPRI(4)5:

0
1 1
5| 3
3| 3 9
10 40 40
4 44 56 32
L - L
8 19372 _ 25360 64448 _ 212
9 6561 2187 6561 729
1| oz 35 ser2 49 _ 5103
3168 33 5247 176 18656
R 0 S0 15 2187 1
384 1113 192 6784
35 500 125 2187 11
Y| 5 0 T 19 “asi s
y | 5 0 7571 393 _ 92097 187 1
57600 16695 640 339200 2100 40
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8. Ordinary differential equations

8.5 Linear multistep methods - BDF methods
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Linear multistep methods

Idea of multistep methods:
- use previous iterates directly to compute the next approximation,
- iteration of the form

Yk‘H =Y+ hk(b(xk‘H?xk? sy Xk 1—m, Yk+1, Yk7 ey Yk+17m),
- m-step linear multistep method (with ay # 0)

D aYiri=h Y bif (Y1, Yep1 ).

=0 =0(1)

Remarks:
- more degrees of freedom allow (theoretically) a higher accuracy,

- stability of multistep methods is not for sure
— use only well-known methods as Adams, Nystrém or BDF.
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BDF-methods (most popular multistep methods

BDF-formulas for equidistant 4 of order 1 to 5:

Yir1 = Ye + hf (Xes1, Yir1)

3 1
EYI{-H =2V — EYk—l +hf(xk+17 Yk+l)

3 1
FYkJrl =3Y — Ekal + §Yk—2 +hf(xk+1,Yk+1)

25 4 1
EYkJrl =4Y — 3V + Y2 — = Yis + hf

3 7 (%41, Yier1)
137 10 5 1
EY/{-H =5Y — 5Yk—1 + ?Yk—z - ZYk—a + ng—4 + hf (xer1, Yerr).
Remarks:

- BDF formulas define implicit methods,
- up to m = 6 they are very effective for stiff problems.
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Example

Cyclic example:
- three-body problem,
- two bodies of masses 1 — u (Earth) and 1 (Moon) move circularly in a plane,
- a third body (satellite), of negligible mass, also moves in the plane
- equations of motion for this body are
oyt =

D, D,
ry2 )2

s Dy 'uDz
Di= (1 +p)+%)"7 D= (n— ) +y3)"?
uw=0.012277472, ' =1—p

Vi=yi+2p—p

Y2 =y2 — 23

- interval [f, 1] = [0, 17.065216560157963], parameters

y1(0) = 0.994, $,(0) = y2(0) = 0, 72(0) = —2.0015851063790825.
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Example

Applied methods:
- Euler’s method using 100 000 steps,

- Runge-Kutta using 6 000 steps,
- DOPRI4(5) with step size control (finally uses 212 steps),
- BDF-1 and BDF-5 with step size control (ode15s in matlab,finally uses 468 steps).

U RK4, 6000 steps
3 %)—DOPRM(s) q
( /- BDF 1-5
/ Euler
4 /
of R > - 4
\
LN /

D

-1 -0.5 0 0.5 1

v
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8. Ordinary differential equations

8.6 Stiff problems and A-stability
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Stiff problems

Curtiss, Hirschfelder 1952:
- initial value problem

Y (%) = =50(y(x) — cos(x)),

- solution by Euler’s method and RK 4 using different step sizes.

~» Analysis of the behavior.

Mathias Sawall
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Stiff problems and A-stability

Model problem:
Y =X, y0)=y
with the solution
y(x) = yoe™.
Boundedness:

Re(\) <0 = [y(x)] = [yo ("™ (cos(xIm(N)) + isin(xIm(X)))| < [vol.

<l

Definition 8.6

A numerical method is called A-stable if its application to the model problem with
Re(\) < 0 for any step size h > 0 always yields a sequence of iterates Y, k = 1,2, . ..
which are bounded by |yo|.
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A-stability

Remark
Any explicit s-step Kutta method applied to the model problem can be written in the form
Yiy1 = p(hA)Yi(x)

with a polynomial p(1) of degree s.

Definition 8.7
The polynomial p(1) from (x) is called stability function. J

Stability function for Euler’s methods:

pp) =1+ p.

Mathias Sawall Introduction to Numerical Mathematics WS 23/24 225/ 242



A-stability

Definition 8.8

Let p(u) be the stability function of the Runge-Kutta method. For constant step size h is

S={weCllp(w)] <1}
the stability domain of the Runge-Kutta method.

Conclusion:
1. For constant & the solutions remain bounded if and only if 2\ € S.
2. If the stability domain contains the left half plane

{n € C|Re(u) <0},

then the method is according to definition 8.6 A-stable.
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Stability domain Euler’s method

Euler (explicit):
- the stability functionis p(p) = 1+ p,

- the stability domain is
S={peCllp(p)] <1}

and thus a circle with radius 1 and center —1.

o
&
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Other stability domains

Stability domains Runge Kutta 2-4 & DOPRI4(5)

Theorem 8.9
No explicit Runge-Kutta procedure is A-stable.
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Stability domains for BDF

Remarks:

- calculation of the stability domains for multistep methods is quite complex,

- only BDF-1 and BDF-2 are A-stable, but BDF-3 to BDF-6 have large and
unbounded(!) stability domains, well suited for solving stiff problems.

Stability domain for BDF-1

Stability domain for BDF-2

15 i T
I 3l 1
1 | |
| 2]
05 ! 1
|
[ - = R ———————— [l S
|
os| T
| 2| 1
-1 | |
| 3| |
15 L L
0 1 2 3 0 2 4 6
. Stability domain for BDF-3 Stability domain for BDF methods
20
i ] —BDF 1
4 | i —BDF 2
1 10 — BDF 3
2 [ —BDF 4
L —BDF 5
) S R 0F--== @ "B ,,,,, BDF 6
&
2 \ —
} -10 N~
4 1 1
| i
-6 L -20 L
0 5 10 0 10 20 30
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8. Ordinary differential equations

8.7 Implicit Runge-Kutta methods
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Implicit Runge-Kutta methods

Example (Implicit Euler method)

- iteration
Yit1 = Yi + hf (xig1, Yit1),

application for the model problemy’ = \y

Y,‘+| = Yi+l’l)\Yi+1 == (1 —h>\)Y,'+| =Y = Y,‘+| = m

- boundedness of the iterates
‘ 1

— | <1 1<|1—nh
l—h)\‘_ © Is[i=h,

satisfied withh > 0 as wellasRe(\) <0 = A-stable.
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Implicit Runge-Kutta methods

Definition 8.10

Letay,bj e R forj,l=1,...,sandc; =Y _,_, ay. Let the quantitiesy,...,y; be
solutions of the (i. a. non-linear) system of equations

=Y +hZaﬂf(x+c,h,y1)

=1

forj=1,...,s.
Then the new iterate using the s-step implicit Runge-Kutta method reads

Y=Y +hizbjf(x+ cih,p).

j=1
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Implicit Runge-Kutta methods

Butcher tableau:
Cl ai e dis
Cs as| e s
| by -+ by
Remarks:

- Many, but not all, implicit Runge-Kutta methods are A-stable.
- This advantage comes with the price of solving a nonlinear system of equations.
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Implicit Runge-Kutta methods

Some A-stable methods:
1. The implicit Euler method has the Butcher-tableau

2. The Butcher-tableau

00 O

defines the Crank-Nicolson-Verfahren as

h
Yipn=Yi+ E(f(xi, Yi) + f(xit1, Yi+1))-
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Implicit Runge-Kutta methods

More A-stable methods:
3. The Radau-1A method with s = 2 stages has the Butcher-tableau

=

win O

ST FNTRINTES
Sl

3
i

and is of order 3.

4. The Radau-1IA method with s = 2 stages has the Butcher-tableau

1
3
1

ISP NN (7Y

1
4
L
4

and is also of order 3.
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Example:
- simplified simulation of flame propagation in gases,

- initial value problem with e > 0

2
V) =y -y, 0<x<E,
¥(0) =e.
- numerical results for e = 10~*
Expl. RK - 12113 steps 10015 Expl. RK - 12113 steps Impl. RK - 56 steps
1 1
1.001
. ltHﬂWMHM o
SE = 1 SE
= = i =
04 09995 ‘b 04
02 0999 HWWMH 02
0 0.9985 0
0 05 1 15 2 1 1.03 0 05 1 15 2
t x10* t x10* t x10*
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8. Ordinary differential equations

8.8 Boundary value problem of second order
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Boundary value problem of second order

Scalar linear boundary value problem of second order: (for A > 0)

=" (x) + Ay(x) =f(x), a<x<b,
y(a) = a, y(b)=p

Segmentation:

b —
a=xo<x1 <...<xy<xny1 =Db, Xj =a+jh, h= a'
m—+ 1
Boundary points: (xo, ) and (xy+1, 3).
Inner knots: x1, . . ., xy, to these knots we compute approximations ¥; = y(x;).
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Boundary value problem of second order

Finite differences:

() e HELE T
Equations:
i=1: W +AY) =f(x),
2<i<N-1 o 22T A = fw),
i=N: W—!—AYN:]”(XN).
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Boundary value problem of second order

System of linear equations:

2402 -1 v o/l + f(x1)
—1 2402 —1 ! fx2)
1 Y )
2 ' | = :
-1 24 M -1 Yy flov—1)
1 242 B/h* + f(xn)
Connections:

- Sec. 2: solution of this system of equations for o + 5> > 0, the matrix is for A > 0
strictly diagonally dominant and iterative methods converge, see theorem 2.11,

- Sec. 4 and some problems from the tutorials: Calculation/approximation of the
Eigenvalues and vectors fora = 8 =0 and ¥’ = —\u.
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Outline
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