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ABSTRACT. Convergence analysis of block iterative solvers for Hermitian eigenvalue problems
and the closely related research on properties of matrix-based signal filters are challenging,
and attract increasing attention due to their recent applications in spectral data clustering
and graph-based signal processing. We combine majorization-based techniques pioneered for
investigating the Rayleigh-Ritz method in [SIAM J. Matrix Anal. Appl., 31 (2010), pp.
1521-1537] with tools of classical analysis of the block power method by Rutishauser [Numer.
Math., 13 (1969), pp. 4-13] to derive convergence rate bounds of an abstract block iteration,
wherein tuples of tangents of principal angles or relative errors of Ritz values are bounded
using majorization in terms of arranged partial sums and tuples of convergence factors. Our
novel bounds are robust in presence of clusters of eigenvalues, improve some previous results,
and are applicable to most known block iterative solvers and matrix-based filters, e.g., to
block power, Chebyshev, and Lanczos methods combined with shift-and-invert approaches
and polynomial filtering.

1. Introduction

Matrix eigenvalue problems have historically appeared in computational mechanics and then
in quantum physics as a tool to approximate solutions of wave and other time-dependent differ-
ential equations. Recent applications in machine learning, e.g., for spectral clustering and image
semantic segmentation, often require numerical solution of eigenvalue problems for matrices of
large sizes and in some cases in real time, e.g., for autonomous driving. Only a fraction of
the eigenvectors is of practical interest, where the eigenvectors need to be computed just with
certain accuracy. Such computations of specific invariant subspaces can be efficiently performed
by iterative eigenvalue problem solvers (eigensolvers) that simultaneously iterate several vectors
in a block. Recently graph-based signal processing has gained attention. Therein one utilizes
signal filters that are functions, often a polynomial like Chebyshev, of a matrix with a goal of
amplifying the components of a signal corresponding to selected eigenvalues of the matrix. Such
filters can be interpreted as rudimentary eigensolvers with a fixed accuracy. Block filters and
solvers match well with modern hardware that can optimize computing matrix-matrix products,
which commonly is the main operation in block algorithms.

The convergence speed of block iterative solvers, or the reduction/amplification quality of
signal filters, determines the efficiency of calculations and needs to be estimated in advance
a priori to bound the computational time for streaming data processing. Deriving a priori
convergence rate bounds is a classical area of research. The convergence speed of block iterative
eigensolvers is determined by the quality of an initial approximation to target eigenvectors and
the distribution of eigenvalues of the given matrix. Block iterative eigensolvers are known to be
robust with respect to possible clustering of target eigenvalues — this property is called “cluster
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robustness”. Sharp bounds of convergence rates of these eigensolvers thus also need to be cluster
robust, which is the main topic of our investigation.

Majorization techniques appear naturally for cluster robust bounds involving eigenvalue ap-
proximations [12, 17]. We explore relations between Ritz value errors and principal angles in
the context of subspace iterates of block iterative eigensolvers. We refine the majorization-type
analysis of tangents of principal angles from [12] by using auxiliary vectors from the classical
analysis of the block power method by Rutishauser [22]. Our new results applied to the block
Lanczos method improve existing ones from [15, 23]. The improvement is evident due to the
cluster robustness of our majorization based approach.

1.1. Known cluster robust error bounds

The cluster robustness is a typical feature of block iterations for solving matrix eigenvalue
problems. A simple example is the block power method that aims at the largest magnitude
eigenvalues of a matrix A € C"*™ and significantly improves the simple power method in
the case where the target eigenvalues are clustered. The convergence of the subspace iterates
YO y® . given by Y+ = AY® toward an invariant subspace can be analyzed in terms
of various angle measures. Classical bounds by Rutishauser [22] and Parlett [21, Chapter 14]
can be extended to a normal A with the eigenvalue arrangement |[\1| > --- > |\,|, namely,
¢

A
(1.1) tan Z(z;, ) < ";* tan Z(X, V@), i=1,...,p.

3

Therein Z(-, ) denotes Euclidean angles, and the separation of targeted eigenvalues from the rest
is described by the assumption |A,| > |A,41| for the block size p = dim)(?). Moreover, X’ denotes
the invariant subspace spanned by orthonormal eigenvectors z1, ..., x, associated with the first p
eigenvalues. In the nontrivial case Z (X, Y(©)) < /2, all further subspace iterates have the same
dimension p since the first p eigenvalues are nonzero due to |A\,| > |Ap41| > 0. Evidently, the
convergence factor |A\p+1/\;| is robust with respect to possible clustering of eigenvalues indexed
by ¢ < p. In contrast, the convergence factor for computing x; with the simple power method is
[Aix1/A;| which is unimprovable and might be close to 1. If i > 1, a deflation with respect to
the first i—1 eigenvalues is required.

An essential argument by Rutishauser [22] adapted to (1.1) is that Y contains a nonzero
vector which is orthogonal to an invariant subspace associated with A1,..., Ai—1, Ait1,..., Ap.
Thus A; and A,41 become the only two relevant eigenvalues in the derivation. This argument is
directly applicable to the abstract block iteration

(1.2) V' = f(A)Y

that describes various practical methods. Since A and f(A) share the same eigenvectors, one
attempts to select a proper function f(-) such that the desired eigenvalues of A, if denoted by
M, ..., Ap, get mapped into the top p magnitude eigenvalues f(A1),..., f(Ap) of f(A). Then
(1.1) turns into

(1.3) tan /(x;,)") < ‘fﬁ\’;:)l) tan Z(X,)), i=1,...,p

analogously to [7, Lemma 2.3.1]. One can use a shifted Chebyshev polynomial f(-) in order
to investigate Chebyshev signal filters and the block Lanczos method. Let eigenvalues of a
Hermitian matrix A be arranged as A\; > --- > A, with the assumption A, > A\,4+1, and f(-) be
defined by

(1.4) f(a) = Ty (1 2 f:*_&)
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with the Chebyshev polynomial Tj_1 of the first kind with degree k —1. Then |f(N\;)| > 1 >
| f(A;)] holds for arbitrary indices ¢ < p and j > p so that the values f(\1),..., f(Ap) are indeed
the top p magnitude eigenvalues of f(A). Thus, substituting (1.4) in (1.3) immediately leads to

Ai — Api1
)‘p+1 —An

~1
(1.5) tan /(z;,)') < {Tk_l <1+2 )} tan Z(X,Y), i=1,...,p,

where the reciprocal Chebyshev term is the ratio |f(Ap+1)/f(Ai)|. Subsequently, since f is a
polynomial of degree k—1 by (1.4), the subspace )’ is a subset of the block Krylov subspace
K=Y+AY+---+ A1y (spanned by k blocks) arising from the block Lanczos method. Thus
tan Z(z;, K) < tan Z(z;,)’) holds and extends (1.5) as a bound for tan Z(x;, K). The reciprocal
Chebyshev term decreases rapidly with the degree k of KL provided that A; is not close to Ap41.
This can be achieved by selecting an initial subspace of sufficiently high dimension.

Bound (1.5) demonstrates the quality of the shifted Chebyshev polynomial (1.4) as a filter
in (1.2) amplifying the components of a signal y € ) corresponding to the p largest eigenvalues
of A. For computing these eigenvalues, one is also interested in bounds of the errors of the
Ritz values of A in ), arranged as 1} > --- > 7. Some direct bounds have been presented by
Knyazev in [8, Section 2|. In particular, applying [8, Theorem 2.5] to the specified function (1.4)
yields the bound

i — 1
ng_)‘n

Ai — )‘p-i-l

1.6
( ) )\p+1 _ )\n

-2
S{Tk_1<1+2 )} tan® Z(X,Y), i=1,...,p

in the nontrivial case Z(X,)) < w/2. Although the convergence factor in (1.6) is the squared
value of that in (1.5), the derivation of (1.6) is not simply based on (1.5). In addition, the relation
Y’ C K leads to inequalities 7} < 1;, i = 1,...,p for the p largest Ritz values 1 > --- > 1),
of A in K according to the Courant-Fischer principles. This extends (1.6) to the block Lanczos
method. Bounds (1.5) and (1.6) are cluster robust, just as well as (1.1).

In comparison to [23, Theorems 5 and 6] by Saad, bounds (1.5) and (1.6) are much more
accurate in the case where \; belongs to an eigenvalue cluster; cf. numerical examples in [25,
Subsection 5.1] concerning a slightly modified form of (1.5). Indeed, the corresponding analysis
in [23] can also be reformulated with respect to the abstract block iteration (1.2). The specified
function f contains linear factors of the form (o — \;) or (o —;), j = 1,...,71—1 depending
on eigenvalues or Ritz values in order to construct auxiliary vectors which are orthogonal to the
associated eigenvectors or Ritz vectors. This leads to the terms Hj;ll()\] —An)/(A; — ;) and
H;;ll(z/)j — )/ (@ — N;) called “bulky” factors in [15], which could be very large for clustered
eigenvalues and cannot be influenced by the block size.

1.2. Tuplewise analysis using majorization

Majorization theory is a powerful tool that allows extend traditional bounds like (1.3), (1.5)
and (1.6) of individual convergence measures to bounds of the corresponding tuples such as

[tan Z(z¢, V'), ..., tan Z(zq, V)] and [Ae =1, Aa — 1))

for 1 < ¢ < d < p. Majorization theory has been first applied to analyzing some subspace
iterations and the block Lanczos method in [12], where convergence bounds involve tuples of
convergence measures and even the convergence factors can also be tuples. Similar bounds of
tuples with only scalar convergence factors have been later independently derived in [15].

Certain bounds from [12] are extendable to the convergence analysis of (1.2). For instance,
applying [12, Theorem 2.3] yields a “stationary” bound in comparison to (1.6). Let us consider
the p Ritz value errors (A; — n)/(n; — An), @ = 1,...,p, and write them as a sorted p-tuple e
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whose components fulfill e; > --- > ¢,. For bounding €, we use the arranged principal angles
07 > --- > 0, between the subspaces & and )’. Skipping the majorization notation, we get

d d
D =185 < 25— tan®6%, d=1,...,p.

An extension in terms of the arranged principal angles ¢; > --- > 0, between X and )Y reads

Apr1_j — A -
(1L.7) Y4 e <S¢ Bitan?6;, d=1,...,p with 8; = |Tj,_, (1422202 _2etl :
J J )\p+1_/\n

Because 0; = Z(X,)), the special form ¢; < Bytan?6; of (1.7) for d = 1 can imply (1.6) for
i = p. Moreover, summing up (1.6) for all indices leads to the bound

?:1 Ej < (Z?:l BJ) tan? 91.
The alternative bound

Z?:l Ej < 61 ;-):1 tan? 9.7‘
is analogous to [15, (8.11)] where the convergence factor is also a scalar. These two bounds can
be improved by (1.7) for d = p, especially if the maximal component tan?#; or 3; is dominant.

As a motivation of the present paper, it is remarkable that the terms 6; and §; in (1.7) are
defined within p-tuples concerning principal angles between two p-dimensional subspaces and the
first p eigenvalues. If (1.7) is applied to some d < p, a significant overestimation can occur since
the utilized 6; and 3; are the d largest components of the respective p-tuples. Therefore, we
expect to improve (1.7) by using certain terms which simply depend on d-dimensional subspaces
and the first d eigenvalues.

1.3. Aim and outline

Deriving majorization bounds for the block Lanczos method via the abstract block iteration
(1.2) is a project originated from [1]. Some previous results such as (1.7) are included in Section
4 of the technical report [11] but due to space limits removed in the final version [12]. The
published results in [12] concern relations between Ritz value errors and principal angles, but
do not depend on (1.2). These results can also be extended to Hermitian operators on infinite
dimensional spaces; cf. [12, Subsection 2.8] and a recent application in a filtered subspace it-
eration [4]. Moreover, some improvements or alternatives of the sine-based bound [12, (2.5)]
have been achieved in [17, 18] and devoted to a partial confirmation of the conjecture [12, (2.4)].
The remaining results in [11] actually enable a majorization-type generalization of bound (1.6).
Furthermore, the intermediate bound [11, (4.1)] is comparable with [3, Theorem 2.1] concerning
block Krylov subspace methods for solving singular value problems. Another potential applica-
tion is the convergence analysis of a subspace iteration for polynomial eigenvalue problems [5].
The present paper extends [11] and makes further progress concerning certain biorthogonal vec-
tors which have been utilized implicitly for investigating the block power method by Rutishauser;
cf. Lemma 3.1.

In the remaining part of this paper, we extend the existing convergence theory of the abstract
block iteration (1.2) by majorization arguments. In Section 2, we introduce basic settings and
necessary definitions. Section 3 provides main results after discussing some previous results that
provide some motivation for our investigation. Applications to concrete methods are formulated
in Section 4. We mainly consider the block Lanczos method and compare our new bounds
with those from [15]. Further applications are related to shift-and-invert eigensolvers for certain
discretized partial differential operators. In Section 5, several numerical examples illustrate the
accuracy of the new bounds, followed by concluding remarks. Section 6 (Appendix) presents
some detailed proofs.
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2. Preliminaries

This section serves as preparation for our majorization-type convergence analysis of block
iterative eigensolvers. Subsection 2.1 contains some basic settings which are consistently required
in the analysis. In Subsection 2.2, we introduce principal angles and their tangent definition as
a useful tool for deriving majorization-type bounds. Subsection 2.3 provides tuple notations and
majorization statements for some singular value tuples. An overview of frequently used symbols
is as follows.

Subsection 2.1: matrices A, I;, eigenpairs (\;,x;) of A, subspaces X', ), V.

Subsection 2.2: principal angles, notation Z(-,-) for some special forms.

Subsection 2.3:  tuple at with arranged components, majorization relations <,,, <,

singular value tuple S(-), eigenvalue tuple A(-), principal angle tuple (-, -).

2.1. Basic settings

We consider a normal matrix A € C™"*™ with the eigenvalues A1, ..., A, and the associated
orthonormal eigenvectors x1,...,x,. Identity matrices are denoted by I; with the corresponding
dimension d € {1,...,n}. Some column vectors or “tall” block matrices are represented with
their components or submatrices separated by “;” within a row as in MATLAB/Octave notation.
The abstract block iteration )’ = f(A)Y introduced in (1.2) serves to compute a moderate
number of the first eigenvalues of A.

It is possible to frame our analysis with a Hermitian operator A in a finite dimensional inner
product space H together with orthogonal projectors of subspaces avoiding introducing any bases
and thus shortening the notation; cf. Remark 2.1. An extension to the infinite dimensional case
can be made as in [12, Subsection 2.8]. We choose the matrix-based formulation since the new
results in this paper are devoted to the convergence theory of matrix eigensolvers where the
standard notation usually begins with matrices (even if the implementation is actually matrix-
free). In addition, the resulting new bounds can easily be compared with some existing ones for
the block Lanczos method, e.g., those from [15, 23].

In practical applications, the dimension p of the initial subspace ) C C™ is larger than the
number of the target eigenvalues, and much smaller than n. We define the invariant subspace
X = span{zi,...,2,}, and assume that the eigenvalue sets {A1,...,A,} and {A,11,..., A, } are
disjoint so that X is unique. Moreover, we assume Z(X,)) < 7/2 in order to exclude trivial

terms such as tan Z(X,Y) = oco. We reuse the following assumption on the function f made in
7, 8],

(2.1) maXjepi1,..n} | f ()| <minjerr 1| f(Af)]

i.e., f serves as a filter enlarging the components with ¢ < p relative to those with ¢ > p and
thus ensures that the corresponding convergence factors are smaller than 1.

Our Ritz value analysis deals with a Hermitian A and the approximation of its largest eigen-
values. Therein we arrange the eigenvalues as Ay > --- > \,, and simply assume A, > A,11 to
ensure the uniqueness of X'. The analysis can easily be transformed by the substitution A — —A
to the consideration of the smallest eigenvalues.

2.2. Principal angles

We use principal angles to measure the distance from-to or between subspaces of the invariant
subspace X and the initial subspace ). In general, for two subspaces U, V C C™ with dimU <
dimV and their arbitrary orthonormal basis matrices U and V', the cosine values of the principal
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angles from U to V are defined by the singular values of VU. Therein the largest principal
angle is the Euclidean angle Z(, V) which can also be defined by max,c ¢\ foymin, ey fo1 £ (u, v)
with angles between nonzero vectors.

In the case dimU = dimV, one also says the principal angles “between U and V” and uses
Z(U,V) = Z(V, U) for denoting the largest principal angle. In the case dimi/ = 1 < dimV,
there is only one principal angle. This coincides with the angle Z(u, V) = min, ey 01 £ (u, v) for
arbitrary u € U\{0}. If also dimV = 1, the associated cosine and tangent values are actually
| cos Z(u,v)| and | tan Z(u, v)| for arbitrary v € V\{0}.

For constructing majorization bounds in Section 3, we utilize tangent values of principal
angles where an angle equal to 7/2 would cause a trivial infinity bound. Therefore we restrict
the consideration to the case where VH U has full rank. Then all singular values of VU are
nonzero so that all principal angles from U to V are smaller than 7 /2.

Remark 2.1. A general consideration of tangent values of principal angles within an operator-
based formulation has been presented in [27, Theorem 3.1]. Alternatively, one can apply the
elegant form Py, (PyPy)" with the corresponding orthogonal projectors; cf. [27, Theorem 4.1].
Newvertheless, the following description with a matrix product Vfﬁ(VHﬁ)T is more appropriate
for estimating error reductions with respect to tangent values in a concise way without additional
zero components.

Lemma 2.1. Consider the subspace V C C"™ and its orthogonal complement V| with their
arbitrary orthonormal basis matrices V.€ C* and V. € C"*(»=Y),  Let U € C"™* with
s < min{t, n—t} be an arbitrary (but not necessarily orthonormal) basis matriz of the subspace
U C C™ for which VAU has full rank. Then the s largest singular values of the (n—t)xt matriz
Vfﬁ(VHﬁ)T coincide with the tangent values of the principal angles from U to V where the sym-
bol 1 denotes the Moore-Penrose pseudoinverse. In particular, ||Vf[7(VH(7)T|| = tan Z(U,V)
holds with the 2-norm || - ||.

Proof. — Subsection 6.1.

The condition s < min{¢, n—t} in Lemma 2.1 is consistent with the analysis in further sec-
tions. Therein the subspace iterates or their subsets are considered as U, whereas an invariant
subspace of the same or higher dimension corresponds to V, i.e., s < ¢t. This leads to reasonable
characteristics of bounds such as the gap ratio (As — A¢41)/(Aer1 — An) > 0 in a Chebyshev
term. Moreover, s < n—t is naturally fulfilled in the context of computing several eigenvalues of
a large matrix or a matrix pair.

2.3. Majorization

We use majorization arguments for deriving bounds in terms of certain tuples of real numbers
concerning tangent values of principal angles and Ritz value errors. For notational convenience
we treat these tuples as row vectors, e.g., a = [ay, ..., aq] with the corresponding dimension d.
In addition, we consider a rearrangement of the components of a in (not strictly) decreasing
order and denote the resulting vector by a*, i.e., ai > e > ai. Let b be another tuple with
dimension d. If the components of a* and b fulfill

S ar <Y b VEke{l,...,d},

[ 1=1"1

one says that b weakly majorizes (submajorizes) a. The weak (additive) majorization is denoted
by a <, b. The corresponding strong majorization with the notation a < b additionally means
that the sum inequality for k = d is actually an equality. For nonnegative tuples a and b with
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dimension d, the weak multiplicative majorization is defined by

i o <TI0y Vkefl,....d}
and denoted by loga <., logb. The strong version log a < log b requires the additional condition
Hle af = H?:l bf. Moreover, nonnegative tuples with different dimensions can be compared
by adding zeros to the shorter tuple.

Specific tuples in our analysis mostly consist of singular values or eigenvalues of matrices.
We generally consider a matrix B € C%* and denote by S(B) the tuple of arranged singular
values of B in decreasing order. Multiple singular values are counted repeatedly so that S(B)
has dimension min{d, s}. Similarly, we denote by A(C) the tuple of arranged eigenvalues of a
Hermitian matrix C' € C*** in decreasing order. In particular, it holds that S(B) = \/A(BY B)
for d > s and S(B) = \/A(BB¥) for d < s with componentwise square roots.

The arranged principal angles 6; > -+ > 0, from U to V give the angle tuple O(U,V) =
[01,...,05]. The corresponding tangent tuple tan ©(U,V) = [tan(61),...,tan(fy)] is the lead-
ing s-subtuple of S(Vfﬁ(VHl_'N])]L) according to Lemma 2.1. In addition, by using an arbi-
trary orthonormal basis matrix U of U, the cosine-type definition of principal angles shows
(cos©(U, V)" = S(VHT).

We complete this subsection by a basic argument for the majorization-type analysis.
Lemma 2.2. Consider the matrices By € Ch*d2 By € C%X4s gnd By € C%*d1, Let S;(B)
be the leading t-subtuple of the singular value tuple S(B) for B € {By, Bs, B3, B1B2B3} and

t < min{dy,ds,ds,ds}. Then it holds with componentwise multiplication, division and power for
¢ € N of tuples, that Sf(B1B2B3) <. S§(B1)S¢(B2)Ss(B3) and

Sf(BlBQBg)/SfC(BQ) <w Stc(Bl)Stc(Bg) fOT’ St(Bz) > 0.

Proof. Applying [12, Theorem 4.4] shows the expression
log S(B1B2Bs) — log S(Ba) < log (S(B1)S(Bs))
which means that the singular value inequality
[1j_1 0, (B1B2Bs) < I1j_, (0;(B1)o;(Bs))os, (Bz)

holds for each k € {1,...,d} with d = max{d;,ds,ds,ds} and for each index set {i1,...,ix} C
{1,...,d} with 43 < --+ < ij. Therein zeros are occasionally added to shorter singular value
tuples to match the sizes, and the equality is attained for £ = d. By considering this singular
value inequality to the cth power for k € {1,...,t} and {i1,...,ix} = {1,...,k}, we get the
weak multiplicative majorizations log S(ByBaBs) < log (S§(B1)S§(B2)S¢(Bs)) and

lOg (StC(BlBgB3)/StC(Bg)) <w lOg (Stc(Bl)Stc(Bzg)) for S (Bz) > 0.

These imply the weak (additive) majorizations in the claim of Lemma 2.2 by applying the
exponential function “exp” which is convex and increasing; see [16, Proposition 4.B.2]. (]

In the above proof, the composition “exp olog” is only applied to positive components whereas
zero components remain unchanged as they lead to a trivial case. Alternatively, one can derive
the underlying additive inequality directly by the corresponding multiplicative inequality; cf. [6,
Corollary 3.3.10] and [2, Example I1.3.5].
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3. Main results

We motivate our new analysis of the abstract block iteration (1.2) by introducing some aux-
iliary terms and arguments. The basic ingredients are certain biorthogonal vectors from X and
Y inspired by the classical analysis of the block power method by Rutishauser [22, Theorem 2]
(do not confuse these biorthogonal vectors with those mentioned before [22, Section 1] which
form two sets of iterates). We note that the corresponding biorthogonality is represented by a
submatrix in [22, (10)] after some substitutions and results in an asymptotic bound. Indeed,
this biorthogonality also enables a simpler proof of the nonasymptotic bound [21, (14.11)] by
Parlett. A similar argument in [23, Lemma 4] by Saad is the starting point of an analysis of the
block Lanczos method.

Lemma 3.1. With the settings from Subsection 2.1, consider the orthonormal basis matriz
X = [z1,...,xp| of the invariant subspace X together with an arbitrary orthonormal basis matriz
Y € C"*P of Y. Then the pxp matriz XY is invertible, and the vectors

Yi = }761-, i=1,...,p with the columns c1,...,cp of (XHEN/')’1

are evidently linearly independent and form a basis matricY = [y1,...,yp|. Moreover, x1,...,x,
and y1,...,Yp are biorthogonal, i.e.,
(3.1) leyj =0;; for i,57€{l,...,p}.

Proof. The smallest singular value of X Y coincides with cos Z(X,Y) which is nonzero because
/(X,Y) < /2. Thus XY is invertible. The biorthogonality is verified by

xiHyj = (Xei)Hf/cj = ef{XH?((XH};)_lej) = ef{ej =X

with the columns ey, ..., e, of I,. O

We introduce some single-angle bounds in Subsection 3.1 and present the corresponding multi-
angle majorization-type bounds in Subsection 3.2. Some relatively long proofs are given in
Section 6.

3.1. Single-angle bounds

In [21, 22], the auxiliary vectors defined in Lemma 3.1 are utilized separately. The simple
power method applied to them can be observed within proper invariant subspaces according
to the biorthogonality (3.1). An essentially analogous approach with the tangent description
introduced in Lemma 2.1 leads to the following single-angle bound which corresponds to an
abstract form of (1.5).

Lemma 3.2. (cf. [7, Lemma 2.3.1]) With the settings from Subsection 2.1 and Lemma 8.1, it
holds that

tan Z(z;,)') < o;tan Z(z;,y;) < o;tan Z(X,))

(3.2) max;c(pi1,...n} | f(A))]

|f (X)) ’

with o; =

ey D

Proof. — Subsection 6.2.

For the angle-dependent bound (1.6) on the Ritz values n] > --- > 171’, of Ain ), an abstract
form reads
A= max;e(pi1,...n}| (A2
n—An T minjeqr | f(A)]?

(3.3) tan? Z(X,Y), i=1,...,p.
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Therein dim)’ = p is ensured by the common assumption (2.1); see Lemma 3.3 below. For
deriving (3.3), we can put several auxiliary vectors from Lemma 3.1 together in order to con-
struct proper auxiliary subspaces. This improves the approach by Saad [23, Theorem 6] which
constructs auxiliary vectors with Ritz values and causes less convenient terms in the bound.

The first step of the derivation of (3.3) produces an angle bound for auxiliary subspaces.

Lemma 3.3. (¢f. [7, Lemma 2.5.1]) With the settings from Subsection 2.1 and Lemma 3.1,
consider for an index i € {1,...,p} the subspace X; with the orthonormal basis matrix X; =
[1,...,2;] and the subspace V; with the basis matriz Y; = [y1,...,yi]. Then the matriz Y] =
f(A)Y; has rank i so that the subspace Y, = span{Y/} has dimension i. In particular, the
subspace iterate Y’ of (1.2) coincides with V), and thus has dimension p. Moreover, it holds that

max;e(pr1,...n}f(A))]
minje{1,...,i}|f()‘j)|

(3.4) tan Z(X;, Vi) < tan Z(X;, Vi).

Proof. — Subsection 6.3.

The next step of the derivation of (3.3) is to verify a direct relation between the convergence
measures tan Z(X;, Y!) and (A — %)/ (0} — An)-

Lemma 3.4. (¢f. [7, Lemmas 2.2.5 and 2.2.6]) With the settings from Subsection 2.1, Lemma
3.1 and Lemma 3.8, consider the Ritz values nj > «-- > 771’) of AinY'. Then

Ai —nj

3.5
(3.5) .

< tan® Z(X;,)))

holds for each i € {1,...,p}.

Proof. — Subsection 6.4.

Based on (3.4) and (3.5), we get the bound

| 2

Xi — 1, < max;ept1,...n} 1 F(A))

(3.6) < ==
M — An minjegq, iy | f(A5)]2

tanQL(Xi,yi), 1= 1,...,p.

If the auxiliary subspaces X; and ); need to be eliminated, one can extend (3.6) as (3.3); see
Subsection 6.5.

3.2. Multi-angle majorization-type bounds

Our new bounds for the abstract block iteration (1.2) are generalizations of those introduced
in Subsection 3.1. We use partial sums of certain tuples containing (squared) tangent values of
principal angles instead of the corresponding maxima.

We first generalize the single-angle bound (3.2) to principal angles concerning a possible
eigenvalue cluster in the eigenvalue set {A1,..., A, }.

Theorem 3.5. With the settings from Subsection 2.1 and Lemma 3.1, consider an index set
T={i1,...,it} C{1,...,p} withi; <--- < iz as well as the subspaces

X, =span{x;,,...,x;,} and Y, =span{yi,,...,Yi }-
By using the notations from Subsection 2.3 for tuples and majorization, it holds that
(3.7) tan O(X,,)') <u ®, O, tan O(X;, V;)

with @, = [|[FOa)l ™5 OIS @ = [ O, [FOW)]T and &, = B(1:1).
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Proof. — Subsection 6.6.

Theorem 3.5 is especially suitable for the case where the eigenvalues \;,, ..., A;, are consecu-
tive and clustered. The components of the tuplewise convergence factor ., ®; can be bounded
away from 1 by selecting a proper f such that max;c(p41,... 03 f(Aj)] < minjegr . py[f(A)]. An

.....

application to nonconsecutive eigenvalues is also feasible, but not of practical interest.
Remark 3.1. A direct application of Lemmas 2.1 and 2.2 implies the more abstract bound
(3.8) tan O(F U, V) <y Ss(VIFV)™1) S, (VI FVL) tan©(U, V)

for a normal matriz F € C™*" provided that V and V) are invariant subspaces of F® and that
VHEV is invertible; see Subsection 6.7 for the derivation.

We note that bound (3.8) can directly lead to bound (3.7) only in the special case T = {1,...,p}
because the biorthogonality (3.1) concerning the index set T cannot be added to (3.8) afterwards.
Alternatively, we can formulate a restricted form of (3.8) with respect to an invariant subspace
of A associated with the eigenvalues A;,, ..., Ai,, Ap+1, ..., An. Nevertheless, we prefer the easily
understandable formulation in Theorem 3.5.

In order to eliminate Y, bound (3.7) can be modified as
(3.9) tan O(X,,)") <y B, Oy tan O,(X, )
with the leading t-subtuple ©4(X,)) of ©(X,)). Therein Lemma 2.1 shows

tan O(X,, V) = S(G) for G = [xf+1YT; . afly ) e cliipxt
and tan©(X,Y) = S(G) for G = [ Y5 allY] e cn=p)xp

as in Subsection 6.5. Moreover, the Courant-Fischer principles ensure the tuple inequality

S(@) = \/A(GHG) = \JA(BHGHGE,) < \/A(GHE) = 5.(@),

where I, is a pxt orthonormal matrix consisting of the columns of I, with indices in 7, and
A; or Sy denotes the leading t-subtuple of the corresponding eigenvalue tuple or singular value
tuple. This leads to ®,®;tan O(X;,);) < &, P, tan ©4(X,)) and verifies (3.9).

For deriving a majorization version of the angle-dependent bound (3.3), we proceed in two
steps as in Subsection 3.1. The first step gives an intermediate multi-angle bound for auxiliary
subspaces, and the second step enables a combination between two convergence measures.

We formulate the first step as a generalization of Lemma 3.3 in square form.

Lemma 3.6. (majorization update of [7, Lemma 2.3.1]) With the settings from Subsection 2.1,
Lemma 3.1 and Lemma 3.3, it holds that

(3.10) tan® O(X;, V) < ©2 02 tan® O(X;, V)
. _ b 2 ! -
with ®; = [|fO)] 74 L fO)HT @ = [[FQpr)]s - [fOWI]T and @; = ®(1:4).
Proof. Bound (3.10) is derived by adapting the proof of Theorem 3.5 (see Subsection 6.5) to
7 ={1,...,i} and t = i. Most arguments before the intermediate bound (6.4) are used in the

same way. Only the application of Lemma 2.2 is slightly different, namely, by using ¢ = 2 instead
of c=1. O

The second step corresponds to a generalization of Lemma 3.4.
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Lemma 3.7. (majorization update of [7, Lemmas 2.2.5 and 2.2.6]) With the settings from
Subsection 2.1, Lemma 3.1, Lemma 3.3 and Lemma 3.4,

AL—m Ai =
S WL
holds for each i € {1,...,p}.

(3.11) < tan’® ©(X;, V)

Proof. — Subsection 6.8.
Now the majorization version of (3.3) can be shown.
Theorem 3.8. With the settings from Subsection 2.1, Lemma 3.1, Lemma 3.3 and Lemma 3.4,
it holds that
AL — 771 A — 772
m—An 0= A

with ® = [[fO)5 L 1FO)TY @ = [[fOps) - IFOW] & = B(1:4) and the
leading i-subtuple ©,(X,Y) of O(X,)).

<w B} 612 tan® ©(X;, ;) < @7 @3 tan? ©;(X,))

Proof. The weak majorization is verified by combining (3.10) with (3.11). The tuple inequality
is shown analogously to the derivation of (3.9). O

Theorem 3.8 additionally provides a majorization bound with ®2 @f tan? ©;(X,Y) which does
not depend on auxiliary subspaces.

Remark 3.2. A more abstract bound concerning Lemma 2.1 in the case dimU = s =t = dimV
can be derived by combining (3.8) with an analogue of (3.11). Therein V is assumed to be an

invariant subspace of A associated with the t largest eigenvalues Ay > --- > A\¢. Then it holds
that

A — At —
(3.12) 1~ %1 1 — Ve <w S2(VEFV)™) SZ(VEFVL) tan® ©(U, V)

b= =y
for the Ritz values 1 > -+ > 1, of A in FU and the smallest Ritz valuey of A in FU+ V. Prov-
ing Theorem 3.8 based on (3.12) is only feasible for i = p since the terms |f(Xig1)l,...,|f(Ap)]
cannot easily be dropped afterwards.

Furthermore, we can use [12, Theorem 2.1] for formulating an alternative bound under the
weaker assumption that V is an invariant subspace of A but not necessarily associated with the
t largest eigenvalues. More precisely, we reformulate [12, (2.2)] as

CHA(VIAV) = A (WHAW)| <, sin® ©(FU, V).
with an orthonormal basis matriz W of FU and the spread ¢ of the Ritz value set of A in FU+ V.
Subsequently, we apply the convex and increasing function a/(1 — &) defined for a € [0,1) to the
tuples in the above majorization-type bound. Then
A (VHAV) — A (WHAW)|

G O~ A (VIAV) — A (WHAW)
Combining this with (3.8) results in
(3.13)

~<w tan? O(F U, V).

|A(VHAV) — A (WHAW)|
G O — [A(VIAV) — A (WHAW))
The weaker assumption on V enables the application of (3.13) to interior eigenvalues. However,

it is somewhat challenging to select an optimal filter F without knowing good approximations
to undesired eigenvalues for polynomial filters and/or to desired eigenvalues for rational filters.

<w SA(VEFV) ) SE(VIFV,) tan® (U, V).
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The well-known Chebyshev terms for this type of bounds actually require that V corresponds to
the contiguous set of the t largest eigenvalues.

4. Applications to specific filters

We apply our new bounds presented in Subsection 3.2 to the convergence analysis of the block
Lanczos method and its inverted version. The construction of the specified bounds essentially
consists of specifying the filter f in the abstract block iteration (1.2) and adapting intermediate
bounds to explicit convergence measures based on subspace inclusions. The practical choices of
f are normally limited to polynomials and rational functions. The polynomial version of (1.2)
is easier to implement, since its essential part is the multiplication of vectors or basis matrices
by A. For implementing the rational version of (1.2), one requires linear system solvers which
make a single step more expensive with respect to computational time and storage requirements.
Nevertheless, the total computational time can significantly be reduced.

In Subsection 4.1, we specify the filter f as various shifted Chebyshev polynomials so that
(1.2) simulates certain underlying iterations with almost optimal convergence rates within the
block Lanczos method. This is comparable with the standard approach from [7, 21, 23] and the
recent approach from [15]. A remarkable feature of our majorization-type bounds is that the
convergence factors are tuples instead of scalars as in the existing bounds. In Subsection 4.2, we
introduce an adaption of the main results to some shift-and-invert eigensolvers.

4.1. Block Lanczos method

With the settings from Subsection 2.1, the block Lanczos method constructs block Krylov
subspaces of the form K = Y + AY + --- + A¥~1Y. Thus the abstract block iteration (1.2),
with an arbitrary real polynomial of degree k—1 as f, produces a subset )’ of K. The inclusion
V' C K leads to simple inequalities for principal angles and Ritz values.

In order to specify f as a reasonable polynomial, we consider the multi-angle bound (3.7) as
an example. Ideally, we want to construct f in an optimal way, namely, minimizing the tuplewise
convergence factor @, ®; defined by

®, = [IF Q) PO @ = [1f Qs [FOW)I]T and &, = $(1:1)

with respect to the included eigenvalues. Following the standard approach from [7, 21, 23], we
simplify this minimization problem with respect to the eigenvalue interval [A,, Ap41]. Therein
we begin with the tuple inequality

~ o - 1 .
(41) @, < Pro=[[f(N)| e IF )TN with o = maxaeqy, a0 [F (V)]

and then determine an f minimizing the upper bound @, ¢. Fortunately, a shifted Chebyshev
polynomial simultaneously minimizes all the components of ®.- ¢ as shown in the following lemma
inspired by [7, Lemma 2.4.1].

Lemma 4.1. Every component of the tuple ®, ¢ in (4.1) is minimized in the class of real
polynomials of degree k—1 at

200 — A - A a— A\
4.9 o) =T, 1’+1”>:T (1+21’+1)
(42 fle) * 1( Ap+1 = An o Ap+1 — An
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where Ty with | € N denotes the Chebyshev polynomials (of the first kind). With this choice of
f, we have ®. ¢ =0y,,...,04] where

0 = [Tk—l (1 +€j>} e [Tr-r(1+27,)]

1-—€&;

(4.3) &
3 _ Aj = Apta _ Aj = Api1
with & = N — and y; = Mot —

Proof. The absolute value of the Chebyshev polynomial 7; is bounded above by 1 on the interval
[—1,1] and exceeds 1 outside of this interval where the growth is faster in comparison to any
other polynomial of degree I whose absolute value is also bounded above by 1 on [-1,1]. In
our context, after mapping the interval [—1, 1] linearly to the interval [A,, Ap41], the above well-
known property indicates that function (4.2) solves the minimization problem described in the
lemma. The verification of ®, ¢ = [0;,,...,0y,] is straightforward where the arrangement of the
components is based on the monotonicity of 7; on (1, 00). O

Several implementations of subspace iterations directly using Chebyshev polynomials are
available; see, e.g., [21] for the three-term recurrence and [8] for the two-term recurrence it-
erative formulas. Therein reasonable quality bounds of A,4; and A, are normally required.

The convergence theory of subspace iterations using Chebyshev polynomials is a standard
way to derive the convergence rate bounds for the block Lanczos method. We note that the
&;-notation and the ;-notation of the Chebyshev term (4.3) are suggested in [8] and [23], re-
spectively. In the vy;-notation, one can easily see that the bound decreases if the so-called gap
ratio y; increases. The sharpness of scalar Chebyshev bounds for the single-vector version of the
Lanczos method has been discussed in [14, 24]. Some more accurate bounds are constructed by
interpolating polynomials in [24] and adapted to the block Lanczos method in [25].

We continue with the reformulation of majorization bounds. Based on Lemma 4.1, we specify
the bounds from Subsection 3.2 for the block Lanczos method as follows.

Theorem 4.2. With the settings from Subsection 2.1 and Lemma 3.1, consider an index set
T={i1,...,i:} C{1,...,p} with iy < --- < iy as well as the subspaces
X, =spanf{x;,,...,x;, }, Yy =span{yi,...,y;,} and K=Y +AY+---+ AF=ly,

By using the notations from Subsection 2.3 for tuples and majorization, and the parameter
definition (4.3), it holds that

(4.4) tan (X, K) <y [0, .-, 04,] tan O(X;, Vr) < [04,, ..., 04, ] tan O (X, )
with the leading t-subtuple ©:(X,Y) of O(X,)).

Next, consider the p largest Ritz values 11 > -+ > 10, of A in K together with the subspaces
X; = span{z1,...,z;} and Y; = span{yy,...,y;} for an indexi € {1,...,p}. Then
M=t Ai — 1
2/11_>\n’ o wz_)\n
holds with the leading i-subtuple ©,(X,Y) of O(X,)).

(4.5) <w [0F,...,0%] tan? O(X;,);) < [07,...,07] tan® ©;(X,))

Proof. For any real polynomial f of degree k—1 we have }' = f(A4)Y C K and thus
tan ©(X;, K) < tanO(X-, "), A; >v; >0 Vje{l,...,p},

where the tangent tuple inequality can be proved analogously to the end of the proof of Theorem
3.5, and the Ritz value inequalities are ensured by the Courant-Fischer principles. Then the left-
hand sides of the bounds from Theorem 3.5, its supplement (3.9) and Theorem 3.8 can be
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extended as the left-hand sides of the corresponding specified bounds. The extension of the
right-hand sides is justified by Lemma 4.1. O

Remark 4.1. The multi-angle bound (4.4) is a majorization-type generalization of the single-
angle bound [25, (15)] which corresponds to (1.5) and improves [23, (3.4)]. A similar multi-angle
bound reads

(4.6) Z;Zl tan0;(X;, K) < 2321 o, tan (X, Y-), l=1,...,t

by applying [15, Theorem 8.1] where the underlying unitarily invariant norm is specified as the
Ky Fan l-norm for 1l =1,...,t, i.e., the sum of the l largest singular values; cf. [2, (IV.33)]. In
comparison to (4.6), the new bound (4.4) is more accurate by considering that o;, is the mazimal
component of the tuplewise convergence factor [o;,,...,04].

Remark 4.2. We can modify (4.4) by restricting its derivation to an invariant subspace which
is orthogonal to the eigenvectors associated with a number of the largest eigenvalues and occa-
sionally also the smallest eigenvalues; cf. [23] and [21, Section 12.5]. Then additional terms
like H;;ll()\] — An)/(Aj — i) occur in the bound so that this modification is only meaningful for
well-separated eigenvalues. If the target eigenvalues are clustered and the initial subspace in the
block Lanczos method s relatwely small, we can interpret (4.4) in another way, namely, let ) be
a block Krylov subspace K= y+Ay+ —i—Al 1y (therein dim/C < ldlmy holds, not necessarily
with equality), then K =Y + AY + - + A1y s related to a block Krylov subspace with the
initial subspace Y and degree k+1—1. This improves the applicability of (4.4) concerning small
initial subspaces; cf. [15, Section 8].

In addition, the Ritz vector bounds [15, (4.10) and (8.8)] are generalizations of [23, (2.15)]
related to subspaces spanned by Ritz vectors with a unitarily invariant norm. We note that a
generalization with a standard operator norm is presented in [9, Theorem 4.3]. This bound type
requires Ritz values. A drawback is that the bound can decrease if some estimated Ritz values
are utilized instead of the corresponding exact Ritz values so that a combination with Ritz value
bounds is not meaningful. For this reason, we recommend bound [8, (2.7)]. Moreover, direct and
concise Ritz vector bounds are perhaps only known for the single-vector version of the Lanczos
method; see [19, (3.3)]. Improving Ritz vector bounds is a potential topic in our future research.

We now turn our attention to the angle-dependent Ritz value bound (4.5). Similarly to
Remark 6.1, a slightly sharper form of (4.5) with the smallest Ritz value of A in X + K instead
of A\, can be constructed by a restricted analysis in X + IC. Indeed, also the parameter definition
(4.3) can be modified for (4.5) by using certain Ritz values of A in X + K instead of A,41 and
An. This is enabled by the following fact: With an arbitrary orthonormal basis matrix V of
X + K, the relation

VHATY = VHAATYY) = VEAVTVHE)(AT1Y)
= (VH#AV)VIA 'Y = ... = (VIAV) (VT Y)
holds for each j € {1,...,k—1} by using the orthogonal projector VVH. Thus
VIK =VHEY + VHIAY ...+ VALY
=VHEY 4+ (VEAVY(VEY) 4 -+ (VEAV)F-L(VHY)

is a block Krylov subspace with respect to V# AV, and analogous bounds can be achieved with
eigenvalues of VH AV i.e., Ritz values of A in X + K. This fact is a direct generalization of that
for Krylov subspaces; cf. [7, pp. 36] and [19, Lemma 3.3].
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Remark 4.3. Bound (4.5) generalizes [8, (2.20)] which can be reformulated as (1.6) or [25,
(19)] and improves [23, (3.10)]. A similar bound based on [15, Theorem 8.2] reads

LA =Yy <
(4.7) Zjﬂﬁgzézlagtanwj(xi,yi)? I=1,...i

Comparing the new bound (4.5) with (4.7) indicates a twofold improvement because (A1 —\, )~ <
(Y; — M)t and o > O'JZ Vijie{l,... i}.

In addition, setting auwziliary vectors orthogonal to the Ritz vectors associated with a number of
the largest Ritz values leads to an alternative bound with terms like H;;ll (j—An)/(Wj—A;) which
are suboptimal for clustered eigenvalues. Furthermore, the interpretation of (4.4) in Remark 4.2
concerning small initial subspaces also fits (4.5).

4.2. Shift-and-invert eigensolvers

We consider a generalized eigenvalue problem Lv = aSv arising from the finite element
discretization of an operator eigenvalue problem. Therein L and S are nxn Hermitian matrices,
and S is positive definite. This formally includes the case of the finite difference discretization
with S = I,,. Usually one only needs to compute a moderate number of eigenvalues.

By using a proper shift 3, the shifted matrix Lg = L — 35 is invertible, and computing eigen-
values of (L, S) close to 8 corresponds to computing extremal eigenvalues of (S, Lg). The latter
problem can be reformulated (implcitly) as computing the largest eigenvalues of the Hermitian
matrix pair

(L,M) with L=+Ls and M = LzS 'Lg
where M is positive definite. This is equivalent to computing the largest eigenvalues of

A= MY2LMY2,

A reverse transformation toward the original problem can be used to construct shift-and-invert
versions of various iterative eigensolvers.

For instance, a block Krylov subspace K =Y + AY + --- + A¥~1Y can be transformed as
K=Z+M 'LZ+--+ (M 'L)*'Z with K=M""?K and Z=M"'?Y.

Such block Krylov subspaces with respect to M -17 correspond to a shift-and-invert version of
the block Lanczos method. For an implementation with practical construction of I%, we can solve
linear systems of the form Mw = r for certain Ritz vector residuals r similarly to the generalized
Davidson method. The linear system Mw = r is actually Lg(S™'Lgw) = r and can thus be
solved as two successive linear systems for the shifted matrix Lg.

For the convergence analysis, we can reformulate Lemma 4.1 and Theorem 4.2 based on the
above substitutions. Therein the parameter definition (4.3) and the Ritz value measures are
reformulated by A = +(a — 8)~! for eigenvalues. The transformation of angle terms is related
to the inner product induced by M.

5. Numerical examples

We discuss the accuracy of our new results with several numerical examples. Examples 1
and 2 deal with the block Lanczos method applied to real diagonal matrices following a classical
example from [23]. The bounds from Theorem 4.2 and their counterparts from [15] can directly
be applied and demonstrated with a comparative illustration. The associated MATLAB/Octave
codes (including validity checks for Theorems 3.5 and 3.8) are available on
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https://github.com/lobpcg/MAJORIZATION_TYPE_CLUSTER_ROBUST_BOUNDS
_FOR_BLOCK_FILTERS_AND_EIGENSOLVERS

5.1. Example 1

Similarly to [23, Subsection 4.2] and [15, Example 7.3], we consider the diagonal matrix
A = diag(Aq, ..., \n) with n =900 and the eigenvalues

M=2, X=16, Xg=14, \j=1—-(j—3)/n for j=4,...,n

Combining this with the settings from Subsection 2.1 and Lemma 3.1, the invariant subspace X
associated with the p largest eigenvalues is spanned by the first p columns of the identity matrix
I,,. We set p = 3 and construct the initial subspace ) € R™*P of the block Lanczos method using
a random matrix Y=[orth(randn(p,p)); randn(n-p,p)] such that the principal angles be-
tween X and ) are evenly distributed. We note that the initial subspace in the related examples
in [15, 23] is spanned by a fixed matrix Y =[V; ... ; V] with V =1, 1, 1; 1, 0, —2; 1, —1, 1]
for which the principal angles between X and ) are actually equal. We use 1000 randomly con-
structed initial subspaces instead. For each of them, the corresponding block Krylov subspace
K=Y+AY+ -+ A*1Y is determined up to k = 15 where full orthogonalization is used in
order to reduce instability. Indeed, the target eigenvalues A1, A2, A3 in this classical example are
well separated, and the gap A3 — Ay =~ 0.4 is sufficiently large to ensure meaningful Chebyshev
terms in the bounds. Figure 1 shows the numerical comparison between our new bounds (4.4),
(4.5) and the reformulated bounds (4.6), (4.7) based on [15]. In the left subfigure, the multi-angle
bounds (4.4) and (4.6) are compared in the special form

23:1 tan (X, K) < 23:1 otan®;(X;,Y;) with o€loy,...,04] or o=o0,.

The “Lanczos” curve illustrates the mean value (cf. [15]) of 22:1 tand;(X-,K) among 1000
samples for 7 = {1,2,3} and ¢ = 3 for each k € {1,...,15}. The “Chebyshev” curve presents
the corresponding data determined for f(A)Y instead of K by using the shifted Chebyshev
polynomial defined in (4.2). The other curves contain the mean values of bounds. The ac-
curacy of (4.6) is at the same level as that observed in [15, Table 4] concerning the measure
(Z;zl sin” 0 (X, IC))I/Q. The improvement achieved by (4.4) is evident, and is also observed in
a comparison with respect to maxima instead of mean values. In the right subfigure, we evaluate

23:1)\47)\4 Szi':102tan29j(ét'i,y,-) with o € [oy,...,01] or o=o0;
17— An

to compare the Ritz value bounds (4.5) and (4.7) for ¢ = 3. Therein the denominator ¢; — A, in
(4.5) is simplified as A\; — A,,. This reduces the accuracy of (4.5), but only slightly after several
iteration steps. A possible overestimation in the first iteration steps is avoided by additionally
using the trivial bound Z;’:l i‘i:fi < 4. We observe that (4.5) is more accurate than (4.7).
However, their relative accuracy is slightly worse than that of (4.4) and (4.6). This reflects the
fact that the Ritz value bounds are essentially derived by combining the multi-angle bounds
with further inequalities which are not necessarily sharp at the same time. Furthermore, the
reader may refer to [15, Section 7] and [25, Section 5] that discuss the drawbacks of the classical

bounds from [23].

5.2. Example 2

We use the diagonal matrix A = diag(\q, ..., \,) with n = 3600 and the eigenvalues
M =205, do=2 A=195 M=165 A =16 Ms=1.55,
Ar =145, Ag=14, Xg=135 X =1—(j—9)/n for j=10,...,n.
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FIGURE 1. Numerical comparison of the new bounds (4.4) and (4.5) with the relevant
bounds (4.6) and (4.7) based on [15] accompanying the block Chebyshev and Lanczos
methods; see Example 1 with p =3, 7 ={1,2,3}, t =3 and i = 3.

The experiment introduced in Example 1 is run for this matrix together with p = 9, 7 =
{3,...,8}, t = 6 and i = &; see Figure 2. The smaller distances between target eigenvalues
do not deteriorate the convergence rates due to the large gap Ag — A9 =~ 0.35. This also
results in suitable Chebyshev terms so that the slopes of the bound curves accurately reflect
the convergence rates and the cluster robustness, at least in the final phase. Our new bounds
(4.4) and (4.5) provide visible improvements in comparison to (4.6) and (4.7) based on [15].
The corresponding bounds from [15] already dramatically improve the classical bounds from [23]
involving the “bulky” factors; see [15, Example 7.2].

CN —
t T J J
2= tan (X7, K) > i1 N

1
102 1079

10-2 L

—— (4.6) —— (4.7)
o (4.4) o= (4.5) !
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Degree of K Degree of

FIGURE 2. Numerical comparison of the new bounds (4.4) and (4.5) with the relevant
bounds (4.6) and (4.7) based on [15] accompanying the block Chebyshev and Lanczos
methods; see Example 2 with p =9, 7= {3,...,8},t =6 and i = 8.
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Conclusions

Majorization techniques exploring relations between Ritz value errors and principal angles are
extended to block signal filters and subspace iterates of block eigensolvers. The majorization-
type analysis of tangents of principal angles from [12] is improved by using auxiliary vectors
from the classical analysis of the block power method by Rutishauser [22]. This leads to novel
majorization bounds for the Rayleigh-Ritz method applied to the final iterative subspace in
terms of principal angles between an initial subspace and a target invariant subspace. Our results
improve the existing approaches from [15, 23] that are used for the block Lanczos method. Our
majorization technique is especially advantageous in situations where the concerned principal
angles are evenly distributed, which is common for random initial subspaces. Our forthcoming
work will focus on angle-free bounds for Ritz value errors which are applicable to restarted
iterations, such as the stochastic block descent. Simultaneous consideration of several Ritz
values approximating clustered eigenvalues enables meaningful bounds and has potential for
investigating block preconditioned eigensolvers. A future aim is to cover the popular locally
optimal block preconditioned conjugate gradient (LOBPCG) method [10, 13], taking advantage
of techniques developed in [20, 26].

6. Appendix: Detailed proofs
6.1. Proof of Lemma 2.1

By using the orthonormal basis matrix U = UG with G = (UHU)"1/2 € C***, the cosine
values of the principal angles 6; > --- > 0, from U to V are given by the singular values of
VHU € C**. More precisely, a standard singular value decomposition VEU = WX ZH provides
unitary matrices W € Ct*? and Z € C**® together with the diagonal (rectangle) matrix

Y= {g] € R™¥*  consisting of D = diag(cos(@s), e ,005(91)) c RSXS

and the zero matrix O € R4=9%s. Then V = VW and U = UZ = UGZ are orthonormal basis
matrices of U and V with the property ¥ = VAU = WHVHUGZ. Since VU has full rank, so
does X. In addition, it holds that

VEUS = vEOWVHD = vEUGzWHVHUGZ) = vEUGZ(G2)f (VD) (W)
=vivczcz) 'O wH) =t = (vEU(VED) YW
so that the singular values of VH Ut coincide with those of vH ﬁ(VH ﬁ)T Their squared values
are the min{t, n—t} largest eigenvalues of the ¢txt matrix
(VEOsHPEVEDSt = (shPUR v, vEO st = (shHyPoH (1, - VvV Ut
(6.1) = hagHiust — (shPvHvvHUst
= (xhfygl — (zhHfEpHyet = (xH sl — (zxhHH (zxh).

Therein V, VI is the orthogonal projector on V; and thus coincides with I,, — VVH for the
orthogonal projector VV# on V. Moreover, ¥ = [D~! O] holds as ¥ has full rank. Then
(6.1) implies
D—2

VHUsHhHEVEDS! = 5
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with the zero matrix O = OO, Thus the s largest singular values of Vfﬁ(VHﬁ)T or VfﬁZT
coincide with the square roots of the diagonal entries of the diagonal matrix

—2

D2 _-1I,= diag((cos(@s)) -1,... (005(01))72 — 1) = diag(tan®(6s), ..., tan’(61)),

i.e., the tangent values of the principal angles from U to V. The largest singular value also
coincides with the 2-norm so that |[VHEU(VEU)|| = tan(6;) = tan Z(U, V). O

6.2. Proof of Lemma 3.2

Applying Lemma 2.1 to
V=ux;, V=[x, %1%, U=y
shows that the only singular value of the (n—1)x1 matrix

W= (21, Ti1, Tig1, - Tn) Ty (Hys)T 31 [0;...;0; x£1+1yi; o ay).

coincides with the tangent value of the only principal angle from span{y;} to span{z;}. Then
[wll = [tan Z(y;, x;)| = | tan Z(xi, ;)| = tan Z(wi, y;)

holds since zfy; = 1 > 0 leads to tan Z(z;,y;) > 0. In addition, the common assumption (2.1)

ensures f(\;) # 0 and =¥ f(A)y; = ((f(A))sz)Hyz = (f()\z)xz)Hyz = f)zlyi = f(N) #0.
Thus f(A)y; is a nonzero vector. Applying Lemma 2.1 to

V:xh VL:['rlv"'7xi—lam’i+1""’xn]a U:f(A)yZ
analogously implies ’tané(wi,f(A)yi” = ||w’|| for
w = [ﬂﬁl,n-,in—175€i+17--~7$n]Hf(A)3/i(33qu(A)yi)T

000,05 FOp)2 s - FOWRE w] (FO)

Then a simple comparison between ||w’|| and ||w|| shows

maX;e pi1,..ny [f())]
£ ()]
This implies the first inequality in (3.2) according to f(A)y; € f(A)Y =)'

’tanl(mi,f(A)yi)’ < tan Z(x;, y;)-

Moreover, the term tan Z(x;, y;) can be enlarged by tan Z(X,Y) for eliminating the auxiliary
vector y;; cf. (1.5). This modification is enabled by projection arguments or by applying Lemma
2.1 to

V=X=[z1,...,2p), VL=[2ps1,---s2n], U=1y,.
Therein tan Z(y;, X') = ||[W]| holds for

. _
W = [zpy1,. .- ,xn]Hyi([xl, e ,xp]Hyi) = we;( = wef{
with @ = [&} 1yi; ... ; #y;] and the ith column e; of the identity matrix I,. Then
W = llwef|| = @]llesll = @] = [|wl]

holds by comparing the components of w and w. Thus
tan Z(x;, y;) = ||w|| = [|[W]| = tan L(y;, X) < tan Z(Y, X) = tan L(X, V)
leads to the second inequality in (3.2). g

Bound (3.2) can also be shown in an elementary way; cf. [25, Theorem 1] concerning the
specified function (1.4). The proof of Lemma 3.2 aims at motivating that of Theorem 3.5 where
majorization bounds are to be derived.
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6.3. Proof of Lemma 3.3

The common assumption (2.1) ensures f(A;) # 0 for each j € {1,...,4}. The ¢x{ matrix

XPY! = XP (A, = diag(F(\), -, FOD)) XY 2 diag(FO), -, F(A)

is then invertible. Thus Y/ has rank 4, and dimY! = 7. Moreover, the relation )’ = f(A4) span{Y} =
span{ f(A)Y'} = span{f(A)Y,} = span{Y, } = ), holds so that dim)” = p.

In order to show (3.4), the property dim)! = ¢ = dimX; enables the representation
tan Z(X;, V) = tan Z(V}, X;) = max, cyn g0y tan Z(y', &) = tan Z(y', )

with a maximizer §' € Y/\{0}. Because V! = span{f(A4)Y;} = f(A)Y;, we can represent § by
¥y = f(A)y with a certain y € Y;\{0}. Applying Lemma 2.1 to

V:X’La Vlz[xi+l7-"7xn]7 fj:z)]:f(A)i/\
(there is only one principal angle in this case) yields tan Z(y', ;) = ||[W’|| for
W' = [ziy1,. .. ,xn]Hf(A)ﬂ (Xin(A)ﬂ)T =w'e’!
with  w’' = [0; ... ; 0; f(/\p+1)xf+1§; o f(/\”)xfg]

and ¢ = [f(A\)ai'G; ... 5 F(N)al'g].

The vector w’ initially consists of = f(A)y = f(A;)z}y for j =i+1,...,n, but the first compo-
nents up to the index p are simply zero due to (3.1) and that y belongs to ); = span{y1,...,y:}.
Moreover, 3 can be represented by § = Y;g with a certain g € C*\{0} so that
. (3.1) ..
e =diag(f(A\1),. .., F)) X[ Yig =" diag(f (M), .., f(M))g # 0.

Then ¢/' = ¢/ /||¢’||2, and

L) = W] = e e = e Il _
s L) = = = = = .
le’]]? lle’]? lle’]|
Analogously, tan Z(y, X;) has the representation
tan Z(y, X;) = |||w||| with w=][0;...;0; x£1+1§; el xfﬂ]
e
and e=[287; ... ; 2.
Summarizing the above together with
[w'[| < (maxjegpir,. .yl FODN) Iwll, €'l > (mingeq, iy [FO)]) [lel
and tan Z(y, X;) < tan Z(Y;, X;) = tan Z(X;, );) yields (3.4). O

The above proof focuses on the rank-1 matrices w’e’ T and wef. An alternative proof using
rank-7 matrices is involved in the corresponding majorization-type analysis; see the proofs of
Theorem 3.5 and Lemma 3.6.

6.4. Proof of Lemma 3.4

We use the smallest Ritz value of A in )] and an associated normalized Ritz vector which are
denoted by 1’ and y’. Then

Vicy cCt = Nznzn>X
according to the Courant-Fischer principles and dim})} = i. Moreover, (3.5) can be implied by

Ai — 1

2

< tan® Z(y', X;)
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since ¢’ is a nonzero vector in V! and thus tan? Z(y', &;) < tan? Z(Y/, X;) = tan? Z(X;, V)). An
elementary trigonometric transformation shows that (6.2) is equivalent to

/
F— A
(6.3) cos® Z(y, ;) < ZZ — )\:.

Thus we only need to show (6.3). Therein we use the standard definition of principal angles
which indicates that cos Z(y’, X;) coincides with the only singular value of Xy, i.e., | XHy/|.
In addition, we consider the Hermitian matrices

A=A- X\, and D =diag(A\; — An, ..., Ai — An).

Evidently, A is positive semidefinite, and D is positive definite because Ay > --- > \; > A, >
Ap+1 = Ap. By using their square roots AY2 and D'/?, we get AY/2X,; = X;D'/? so that

XZ_Hy/ _ 5—1/251/2){2;1 r_ 5_1/2(X¢51/2)Hy/ _ 5—1/2(111/2Xi)Hy/ _ 5_1/2X2-Hg1/2y’
= cosZ(y, X) = | X[y = |DTVAXF A2y < | DTV XAV .
Combining this with

D72 = maxj_r, | (A — )72 = (N = A) 72 and

e e e H 7 1/2
| XAy | < | XE A2y | = | A2 )| =y Ay)

1/2
= (" Ay = 2) = = AV < () = A)Y?

yields (6.3). O

The proof of Lemma 3.4 uses inequalities with respect to the 2-norm, i.e., the largest singular
value. In the corresponding majorization-type analysis, we consider tuples of singular values;
see the proof of Lemma 3.7.

6.5. Extending (3.6) as (3.3)

For this extension, we apply Lemma 2.1 to

V:Xi:[$1,...7$i], VL:[Ii+17---7In]7 U:Y;:[yl,7yz]

This leads to tan Z(X;,Y;) = tan Z(Y;, X;) = [|[W]| for

3.1 (0]
with G = [xfﬂYi; o3 Y] € C=P)X7 and the zero matrix O € R(P=9*? Moreover, applying

Lemma 2.1 to

V=X=l[z1,...,2p], ViL=[zps1,....2¢n), U=Y =[y1,...,yp)
yields tan Z(X,Y) = tan Z(Y, X)) = H@H for

G= [;varh...,xn]HY(XHY)T &1 [l Y5 ally] Il = [l Y. ally]e Ccn=p)xp,

n P
In summary, it holds that
tan Z(X;, ;) = [[W] = |G| = [GE| < [|G]| = tan Z(X, D)

where E; € RP*? consists of the first i columns of I,,.
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6.6. Proof of Theorem 3.5

Applying Lemma 2.1 to
V=X, =[wi,...,x,), Vi=[z;forje{l,....,n}\7], U=Yr=yi, ., 0,
and s =t generates the (n—t)x¢ matrix
W = [z for j € {1,...,n\PY (XY ) 05 2l Yo s allY)

with the zero matrix O € R®=9*t where (X#Y;)t = If = I, is eliminated. Moreover, t < p < n
holds according to Subsection 2.1 and ensures t < n—t so that W has ¢ singular values. By using
the notations from Subsection 2.3, the statement in Lemma 2.1 yields

S(W) =tan©(Y,, X;) = tan O(X,, ;).
In addition, the common assumption (2.1) ensures f()\;) #0 V j € 7 so that

is an invertible diagonal matrix. Consequently, the nxt matrix f(A)Y, has rank ¢, and the
subspace ). = span{ f(A)Y;} has dimension ¢. Applying Lemma 2.1 to

V=X, V.=[zforje{l,...,n}\7], U=fAY,
implies S(W') = tan O(X;,).) for the (n—t)x¢ matrix
W = [z, for j € {1,...,n\7)" FA)Y-(XZ F(A)Y;)

3.1
0; fpr)a Yos s fO) Y, DI

= DWD:' with D = diag(0,...,0, f(Apr1)s---s F(An))-
Furthermore, applying Lemma 2.2 to
Bi=D, By=W, Bs=D;"'
and ¢ = 1 leads to
tan ©(X;, V) = S(W') = S,(W') <4 Si(D)S,(W)S, (DY) = S(DZ1)S,(D)S(W).

Combining this with

S0 = 10 e ) ] = 2

S(D) = [0, 0,1 Ops)ls- -, [FO)]T = Su(D) =&,
and S(W) = tan ©(X;, Y, ) yields
(6.4) tan O(X,, V) <y ®, Oy tan O(X,,Y;).

Then (3.7) is obtained by using the tuple inequality tan O(X;, V') < tan ©O(X;, V. ) based on Y. C
span{f(A)Y} = ). This inequality can be shown in the equivalent form ( cos? @(Xr,y’))l >
(cos® O(X;, y;))i as follows. An arbitrary orthonormal basis matrix ¥ of J. can be extended

as an orthonormal basis matrix [Y Y] of )’ so that
(cos?O(X,, V)" = S(IY V17X,) = A(([Y Y]"X,)" [V ¥)PX,)
— AMXHYYHX, + XEYYHX,) > AXEYYHX,) = (cos® ©(X,, V1)),

Therein the intermediate inequality uses the Weyl’s inequality and the fact that X YYH X, is
Hermitian positive semidefinite. U
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6.7. Derivation of (3.8)

For deriving (3.8), we use the given basis matrix U of U together with the orthogonal pro-
jectors VVH on V so that

VEFD = (FEV)HT = (VW FAV)T T = (VI FV)VHT,

Analogously, VFFU = (VEFV,)VHU. Moreover, VHFV e C™! is invertible and VH U € C**
has full rank by setting, thus V¥ FU has full rank. Then FU also has full rank and can be treated
as a basis matrix of F'U with Lemma 2.1. By using the matrices

G=VIFV, W=V"0, D=WIW)"? and W=wD",
it holds that
VIFD) = (W)t =wiw(@wbp)t = wiwbp-'(¢w)t = VIO Iw(Gw)'.
In summary, we get
VERUWHEFD) = (VEFV ) (VEOWVHD)T) (W(GW)T).

Subsequently, we consider the singular values a; < -+ < a; of G and the singular values
f1 < - < Bs of GW. These values are evidently all positive, and it holds that «; < S,
i =1,...,s according to WHW = I, and the Courant-Fischer principles. This leads to the
tuple inequality

S,(WE@E@wWH =s((@mh) =[87,....8. 1 <[arh, ..., ] = 8,(GY) = S, (VHFV) ™)

S

which can easily be combined with Lemma 2.2 for showing
Ss(VAFUWVHAFU)) <, Ss(VEFVL) S, (VEUWVHED)) S, (VEFV)™Y),

i.e., an equivalent form of (3.8) according to Lemma 2.1.

6.8. Proof of Lemma 3.7

As in the proof of Lemma 3.4, we use the Hermitian positive semidefinite matrix A=A-
AnI, and the Hermitian positive definite matrix D= diag(A1 — Any oy Ai — Ap) together with
their square roots A/2 and D'/2. In addition, we define the orthonormal basis matrix Y =
Y7 (v/7y7) 72 of Y/ by using the basis matrix ¥/ = f(A)Y; introduced in Lemma 3.3. Then
the Ritz values 77; > -+ > 7; of A in Y/ coincide with the eigenvalues of YHAY so that

AVHAY) = AYHAY = Xodi) = [ = Aas ooy T = Mol S I0h = Ay o 1= Al
holds according to Y/ C )" and the Courant-Fischer principles.

Moreover, X/ Y is invertible since the invertibility of XHY! is verified at the beginning of

the proof of Lemma 3.3. Then we transform X7 Y as
XAV = DV2DVEXHY — D12 (X, DV)Y = D/2(A/2x,) 1Y — DoVex B AV
so that
DY? = X (AV2Y)(xHYy)~.
Then applying Lemma 2.2 to
By =XM1, B,=AY2Y, Bs=(XHV),

[}
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t =1 and ¢ = 2 yields a majorization relation which can be extended as

>\1*An )\1*>\n < )\1*>\n Ai*)\n
e N [ N B KT VR TP

= AD)/AYMAY) = SF(DV?)/SHAVEY) < SEX[)SE((X]'Y) ™)

=[1,...,1] [(cos(@l))_z, ey (cos(&i))_Q} = [1+tan®(6y), ..., 1+ tan®(6;)]

with the associated principal angles 61 > --- > 6;. Thus

)\1 - )\n )\z - >\n 2 2
|:n/1_)\n,..., n;_)\n:| <w [1+tan (01),...,1+tan (92)]
holds and implies bound (3.11) by subtracting 1 from each component. O

Remark 6.1. Bound (3.11) is comparable with [12, Theorems 2.3 and 2.4] where actually (de-
spite different notations) the smallest Ritz value of A in X; + Y, or X;+ ' is used instead of the
smallest eigenvalue \,,. Such a modification can be made by restricting the proof of Lemma 8.7 to

the associated subspace. In comparison to the corresponding derivation in [12], our new deriva-
tion is more direct (e.g., without shifting) and the factorization DY/* = XH (AYV2Y)(XHY)~!
enables a simpler formulation.
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