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Abstract

The Area of Feasible Solutions (AFS) quantifies factor ambiguity in multivariate curve resolution (MCR). While AFS

computation is well-defined for noise-free data, experimental datasets require constraint relaxation and parameter

tuning, which influence the resulting feasible bands.

This work addresses the computation of the AFS in the presence of noise. We propose a statistically motivated strategy

for control parameter estimation based on Savitzky-Golay filtering, introduce a two-stage preprocessing approach for

baseline-distorted data, and analyze the effect of noise in the dual space. The methods are demonstrated on model

data and experimental FT-IR datasets.
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1. Introduction

For bilinear spectroscopic data collected in the matrix

D, the multivariate curve resolution (MCR) problem

consists in determining a concentration matrix C and a

spectral matrix S such that

D = CS T + E,

where E represents residual errors [20, 21]. Here, D ∈
R

k×n contains k mixed spectra measured at n frequency

channels, C ∈ R
k×s contains the concentration profiles,

and S ∈ Rn×s contains the pure component spectra, with

s≪ min(k, n) denoting the number of chemical species.

A major difficulty of this factorization is its non-

uniqueness even after excluding trivial scaling and per-

mutation ambiguities. Often a continuum of feasible

profile pairs (C, S ) exists [1, 39]. Characterizing this

continuum is essential for assessing the reliability of a

particular MCR solution, but its computation is nontri-

vial.

Several approaches have been developed to quantify

rotational ambiguity. Profile-based methods include

MCR-BANDS [5, 12, 42] and sensorwise NBANDS

[23, 25]. Geometric approaches comprise Borgen-

Rajkó plots [2, 27] and generalized Borgen plots [13].

Numerical approximation-oriented approaches for an

Area of Feasible Solutions (AFS) computation are tri-

angle enclosure [8, 9], polygon inflation [33, 36], ray

casting [37] and sampling methods [17, 30]. The AFS

provides a low-dimensional representation of all admis-

sible profiles and thus quantifies the extent of rotational

ambiguity.

For noise-free systems with a small number of compo-

nents, the AFS can be computed efficiently [2, 7, 39].

In the presence of noise, however, the strict nonnega-

tivity and/or exact factorization constraints must be re-

laxed. This relaxation is implemented via control pa-

rameters and thresholds that determine the admissibil-

ity of the solutions. MCR-bands, sensorwise NBANDS,

and triangle enclosure relax the factorization constraint,

whereas the FACPACK implementations polygon infla-

tion and ray casting relax the nonnegativity constraint.

The FACPACK software [34] includes three packages,

which can be used to approximate the AFS for noise-

free model data, as well as for experimental, noisy data:

polygon inflation, generalized Borgen plots, and ray

casting. Polygon inflation and ray casting relax the non-

negativity constraints and optimize a cost function to

minimize the amount of negative entries, as described

in [4, 22, 44]. Control parameters are applied to decide

whether a noisy data factorization is acceptable. For the

approximation of an AFS, an appropriate choice of con-

trol parameters and a good signal-to-noise ratio in the

data are much more important than for the calculation

of a “single” MCR factorization without a simultaneous

factor ambiguity analysis.

1.1. Purpose of this work

This work investigates the computation and application

of the AFS and duality for noisy data. The focus is on
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the algorithmic and numerical aspects affecting the reli-

ability of feasible sets and derived bands.

1. How can control parameters be selected in a sys-

tematic and reproducible manner? If they are cho-

sen too small, admissible and chemically meaning-

ful profiles may be excluded. If chosen too large,

the constraints may lose discriminative strength.

2. How can residual baseline distortions be corrected

when an initial baseline treatment still prevents a

reliable approximation of the AFS?

3. How can bands of confidence be derived by us-

ing the duality principles when a pure component

spectrum is affected by noise? Duality imposes

restrictions on one factor based on additional in-

formation about the other. A case study analyzes

the impact of noise and identifies conditions under

which dual constraints are useful for reducing of

factor ambiguity.

This paper presents procedures and guidelines for han-

dling experimental and noisy data in FACPACK. If the

noise distribution is known, statistical arguments can

be used to determine suitable control parameters. Our

analysis assumes random noise and does not account for

systematic distortions. Therefore, the proposed param-

eter choices should be regarded as recommendations.

Experimental data may contain both random and sys-

tematic perturbations and may require case-specific ad-

justments. The proposed procedures are intended to

support the parameter selection and subsequent data

treatment. They are not designed as automatic routines

that yield reliable results without user inspection. The

experimental datasets illustrate typical situations. In one

example, the statistically suggested thresholds are too

restrictive and must be increased, demonstrating that

manual adjustment can be necessary.

1.2. Structure of the paper

The paper is organized as follows. Section 2 introduces

the penalty functions and control parameters used in

FACPACK for MCR computations and outlines the ap-

proximation of the AFS for experimental data. Section 3

addresses the first question posed in Sec. 1.1, namely the

estimation of control parameters and thresholds based

on statistical considerations. Section 4 addresses the

second question and presents a two-stage procedure for

improving insufficient baseline corrections to enable re-

liable AFS computations. Section 5 analyzes the effect

of noise in duality-based investigations (question 3 in

Sec. 1.1). Numerical results are presented directly af-

ter the corresponding theoretical developments in each

section.

1.3. Data sets

The following three datasets (two experimental and one

model) are used to illustrate the proposed ideas.

Data set 1. The FTIR-spectroscopic dataset is

about tracking the formation and activation of in-

active polynuclear rhodium carbonylcomplexes from

Rh(acac)(CO)2 as a precatalyst for the hydroformyla-

tion reaction in the absence of phosphorus ligands [19].

Under typical hydroformylation conditions at 100◦ C,

20 bar of synthesis gas (CO/H2 = 1 : 1), with dode-

cane as a solvent, the starting material Rh(acac)(CO)2

with an initial concentration of 1 ·10−3 mol/L is progres-

sively transformed to Rh4(CO)12 and Rh6(CO)16 in a

consecutive manner. The data contains absorption val-

ues for k = 208 spectra and n = 1453 wavenumbers in

the range [1800, 2150] cm−1. Absorption signals orig-

inate from the s = 3 named species. The dataset has

a high signal-to-noise ratio and sharp, partly overlap-

ping peaks. It is suitable for studying the impact of

noise. Figure 1 shows the mixed profiles and the cor-

responding pure component profiles. This dataset has

many small negative entries due to background subtrac-

tion, cf. Sec. 2.3.

Data set 2. The infrared spectral data stem from a

research on the hydroformylation of neohexene with a

catalyst system based on Rh(acac)(CO)2 as rhodium

precursor and tris(2,4-di-tert-butylphenyl)phosphite

(TDTBPP) as bulky monophosphite ligand [15, 16].

The FTIR spectra were collected during the monitoring

of the reaction at the following conditions: q = 30◦ C,

P(CO/H2) = 20 bar, [neohexene] = 500 · 10−3 mol/L,

[Rh] = 0.3 · 10−3 mol/L, [TDTBPP] = 6 · 10−3 mol/L,

solvent: n-hexane. The data set contains k = 1050

spectra with n = 665 wavenumbers in the interval

[1960, 2120] cm−1, and the s = 3 absorbing species

olefin, acyl complex and hydrido complex. The mixed

spectra and the computed pure profiles are shown in

Figure 2.

Data set 3. The model dataset is based on the model

kinetic X → Y → Z with the reaction rate constants

κ1 = 1, κ2 = 0.5, and the initial concentration vector

C(1, :) = (1, 0, 0). The time span is [0, 7], and k = 300

nodes are used. The spectra are modeled using sums of

Gaussians as

sX(λ) = 0.3 exp

(

− (λ − 115)2

100

)

+ exp

(

− (λ − 180)2

130

)

,

sY (λ) = exp

(

− (λ − 120)2

50

)

+ 0.75 exp

(

− (λ − 178)2

100

)

,

sZ(λ) = 0.5 exp

(

− (λ − 105)2

100

)

+ exp

(

− (λ − 175)2

130

)

with n = 500 equidistant nodes for λ ∈ [100, 200]. The

presented ideas are evaluated using the model data with

and without noise. Homoscedastic noise is simulated

by adding normally distributed random numbers with

mean 0 and standard deviation 0.015. Figure 3 shows

the noisy data and the original pure component profiles.
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Figure 1: The FT-IR data (left) from dataset 1 with a high signal-to-noise ratio and the pure component profiles underlying C (center) and S (right).
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Figure 2: The FT-IR data (left) after a two-stage baseline correction and the pure component concentration profiles C (center) and pure spectra S

(right) for dataset 2.
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Figure 3: The data of the model problem from dataset 3. Left: the mixed spectra including noise (only every 20th plotted). Center and right: The

concentration profiles and the pure spectra without noise.
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2. MCR solutions for experimental and noisy data

In general, perturbations complicate both the analysis

of factor ambiguity and, in some cases, even the deter-

mination of a single factorization. For noisy data, the

exact factorization condition must be replaced by a best

approximation, so that E , 0. However, it is often im-

possible to obtain factors that are simultaneously non-

negative and minimize the residual norm ‖E‖F . Conse-

quently, one of the two requirements, best approxima-

tion or nonnegativity, must be relaxed.

Methods such as MCR-ALS [11], MCR-BANDS [5, 12,

42], sensorwise NBANDS [23], and classical NMF al-

gorithms [14, 18] relax the best-approximation condi-

tion. In contrast, BTEM [44] and the FACPACK rou-

tines polygon inflation [33, 35] and ray casting [37] re-

lax the nonnegativity constraints. General aspects of

MCR for noisy data are discussed in [20, 21].

Since this paper addresses control parameter selec-

tion in FACPACK, the relaxation of nonnegativity con-

straints is considered in more detail. The factoriza-

tion is based on a singular value decomposition (SVD),

which extracts the main structure-determining informa-

tion from the mixed data and provides two bases for re-

constructing C and S T. The truncated SVD guarantees

that CS T is the best rank-s approximation of D, i.e.,

min
C∈Rk×s , S∈Rn×s

∥
∥
∥D −CS T

∥
∥
∥

2

F
︸         ︷︷         ︸

=ssq(D−CS T )

=

min(k,n)∑

ℓ=s+1

σ2
ℓ

with σℓ being the ℓth singular value of D, see [40, 41].

2.1. SVD-based MCR-computations

Let U, Σ, and VT denote the factors of the s-dimensional

truncated SVD of D, i.e., U and V contain the first s

left and right singular vectors, and Σ ∈ R
s×s contains

the corresponding singular values. Assuming CS T =

UΣVT, the factorization problem reduces to determining

a regular matrix T ∈ Rs×s such that

C = UΣ1/2T−1, S T = TΣ1/2VT, (1)

see [20, 21]. Here, the singular values are distributed

symmetrically to both factors via Σ1/2. This scaling

avoids distortions of the coordinate axes in the AFS rep-

resentation.

If rank(T ) = s, the SVD construction guarantees that

CS T remains a best rank-s approximation of D, i.e.,

‖D −CS T‖F → min .

In numerical factorization, nonnegativity of C and S can

be enforced, or negative entries penalized, by suitable

penalty functions. A single MCR solution (c, S ) can be

calculated by minimizing

f (T ) = ‖min(C, 0)‖2F + ‖min(S , 0)‖2F + ‖I − T+T‖2F ,
(2)

where the first two terms penalize negative entries in C

and S , and the last term rules out singular matrices T .

Therein, T+ is the pseudoinverse of T .

2.2. The AFS for noise-free data

The AFS can be understood as a ”global” approach to

the factor ambiguity problem because it represents all

feasible nonnegative profiles. For an s-component sys-

tem, the AFS is a bounded subset of Rs−1 and consti-

tutes a low-dimensional representation of all profiles oc-

curring in factorizations of a given matrix D. For noise-

free model data, the AFS in V-space is defined by

M = {

x ∈Rs−1 : exists a regular T ∈ Rs×s

with T (1, :) = (1, xT) and C, S ≥ 0
}

.
(3)

Details on the AFS and its computation are given in [7,

39].

The geometric construction of the AFS relies on an

outer and an inner polytope [2, 13, 27]. In the V-space,

with the singular values distributed symmetrically via

Σ1/2 to the left and right singular vectors, the outer poly-

tope FS and the inner polytope IS are given by

FS =
{

x ∈ Rs−1 : (1, xT)Σ1/2VT ≥ 0
}

,

IS = convhull({a1, . . . , ak}),

where the data points ai ∈ Rs−1 are defined as

ai =
(UΣ1/2)T(2 : s, i)

(UΣ1/2)T(1, i)
, i = 1, . . . , k. (4)

The two polytopes encode the nonnegativity constraints

of the factors and are coupled by duality to the corre-

sponding polytopes FC and IC in the U-space [10, 26,

31, 36]. In the V-space, the outer polytope corresponds

to the nonnegativity of S , whereas the inner polytope

represents the nonnegativity of C. If we use the poly-

tope notation without the factor-related index, then it

refers to the V-space.

2.3. The AFS for noisy data

Although the objective function in (2) is suitable for

computing MCR factorizations, its direct use is not ap-

propriate for deciding feasibility within the AFS in the

presence of noise. For noisy data, small negative en-

tries must be tolerated. We therefore introduce relative

thresholds εC and εS that define admissible deviations

from nonnegativity. Negative entries are accepted if

their relative magnitude does not exceed the prescribed
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threshold. This strategy is implemented in polygon in-

flation and ray casting [33, 37]. The relaxed conditions

read

C(i, j)

max(C(:, j))
≥ −εC ,

S (ℓ, j)

max(S (:, j))
≥ −εS (5)

with εC , εS ≥ 0. A factorization is classified as feasible

if and only if (5) holds for all i = 1, . . . , k, j = 1, . . . , s,

and ℓ = 1, . . . , n. Thus, each acceptable negative entry

must remain within the prescribed relative bound.

Noise and negative entries directly affect the inner and

outer polytopes. Under strict constraints C, S ≥ 0, the

AFS may become empty. In datasets with sharp peaks

and spectral regions of negligible absorption, it may oc-

cur that the inner polytope is not contained in the outer

polytope because some data points lie outside F ; this

always happens when D has negative entries. Figure 4

illustrates this for the FT-IR data from dataset 1. Al-

though the data exhibit a high signal-to-noise ratio and

no clearly visible baseline distortions, many data points

lie outside the outer polytope in U-space. In V-space,

the outer polytope is empty due to inconsistencies be-

tween the nonnegativity constraints and the reconstruc-

tion condition to work with only s = 3 right singular

vectors.

To obtain meaningful approximations of F and I, the

constraints for the polytope constructions must be re-

laxed. Condition (5) slightly enlarges the outer polytope

compared to the strict constraint S ≥ 0, while the inner

polytope is reduced accordingly.

2.4. Importance of suitable control parameters

In polygon inflation and ray casting, the feasibility of a

given x ∈ Rs−1 is tested by minimizing a cost function.

This function contains penalty terms enforcing the re-

laxed nonnegativity conditions in (5) as well as the reg-

ularity of T . The same principle applies to noise-free

and noisy data.

For an efficient implementation, the cost function is

constructed such that only points with a value close to

zero are accepted as feasible. This allows a rapid pre-

liminary test of the necessary condition x ∈ F , see [35].

In FACPACK, a threshold of 10−10 is used to classify a

point x as feasible [33].

The parameters εS and εC are the only quantities con-

trolling the admissible noise level. Their choice is there-

fore critical. If they are too small, no solution is ob-

tained because the SVD-based factorization does not

satisfy (5) exactly. If they are too large, the constraints

lose their restrictive effect and the AFS no longer pro-

vides meaningful information.

2.5. Alternative relaxation of the best-approximation

constraint

When approximating the AFS for noisy data, nega-

tive entries in the computed factors are the main prob-

lem. A common strategy is to truncate these entries

by setting them to zero. Defining C+ = max(C, 0) and

S + = max(S , 0), the residual D − C+S T

+ is then used to

assess the factorization, typically via a sum-of-squares

criterion. This approach is applied in [5, 8, 12, 23, 42].

As in the present paper, the choice of a suitable thresh-

old for ‖D −C+S T

+‖ remains critical, see [24, 25]. How-

ever, this strategy does not permit the rapid feasibility

test available in polygon inflation and ray casting.

Another possible modification is to truncate negative

entries in D itself. This aims to prevent negative values

in C and S T from the beginning. Such preprocessing

is problematic. For s ≥ 3, it often does not solve the

problem of the absence of a nonnegative factorization.

Moreover, profiles may be affected by positive noise

contributions. In spectral regions where mixed signals

are well above zero, negative contributions of one com-

ponent cannot be removed independently because they

are masked by others.

3. Determination of proper control parameters

This section presents a procedure to determine suitable

control parameters for the relaxed nonnegativity condi-

tion in (5). The approach is based on statistical consid-

erations and is illustrated later by two examples.

We assume homoscedastic noise that is independent and

normally distributed with mean 0 and standard devia-

tion σ. Under this assumption, sample variances and

quantiles provide a basis for selecting appropriate val-

ues of ε in (5). For a normally distributed random vari-

able X with mean 0 and standard deviation σ, the prob-

ability that X < −σ is approximately 15.9%, see [3].

Only about 0.6% of realizations satisfy X < −2.5σ, see

Figure 5. Hence, if εS = −2.5σ, only a small fraction

of noise-induced violations leads to a truncation of the

outer polytope. The remaining question is how to es-

timate the standard deviation σ of a noise level from

experimental data.

3.1. Statistical approximation of the standard deviation

To estimate εS , we apply a data smoothing procedure

in frequency direction. The parameter εC is obtained

analogously from DT. Since the AFS is computed from

the first s singular vectors, the truncated SVD already

reduces noise. Nevertheless, some negative entries of-

ten remain in the rank-s approximation and may prevent

a nonnegative factorization. To distinguish clearly be-

tween original and filtered data, let D(SVD) denote the

rank-s approximation of D.
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the probability of X < −2.5σ is approximately 6 · 10−3.

We estimate the noise level by smoothing each profile

in D(SVD) with a Savitzky-Golay (SG) filter [28] and an-

alyze the distances between the non-SG-smoothed data

and the smoothed data. Assuming normally distributed

noise with mean zero, its standard deviation is approx-

imated by unbiased local sample variances computed

over the filter windows. A similar multi-stage smooth-

ing method to handle noisy data is also used in [5].

Let D(SG) denote the data after SG-smoothing in fre-

quency direction. Choose nl ∈ N, for example nl ∈
{5, 10}, and fit a cubic polynomial in a least-squares

sense to the window D(SVD)(i, j − nl : j + nl). Eval-

uating the polynomial at the center yields D
(SG)

i j
. De-

fine E = D(SVD) − D(SG). For i = nl, . . . , n − nl and

j = 1, . . . , k, the local unbiased sample variances are

v2
i j =

1

2nl

j+nl∑

ℓ= j−nl+1

(

Eiℓ − mi j

)2
(6)

with local means

mi j =
1

2nl + 1

j+nl∑

ℓ= j−nl+1

Eiℓ.

To match the normalization in (5), we average the local

standard deviations and scale them by the maximal data

magnitude,

δS =
1

k(n − 2nl) maxi j(Di j)

k∑

i=1

n−nl∑

j=nl

vi j. (7)

For experimental data, it is often useful to combine

this statistical estimate with the largest negative entry

in D(SVD). We therefore define

ε =
1

2





∣
∣
∣ min

(

0,min(D(SVD))
)∣∣
∣

max(D(SVD))
+ 2.5δS



 . (8)

The factor 2.5 reflects that only about 0.6% of normally

distributed values are expected below −2.5σ. The same

procedure is applied to determine εC .

3.2. Application to dataset 1

The proposed strategy is applied to the experimental

data from dataset 1. To estimate the standard devia-

tion, a Savitzky-Golay filter with nl = 10 is used in

frequency and time direction. Each cubic polynomial

is fitted to 21 data points. The resulting estimates for

2.5δC/S and the corresponding control parameters are

2.5δS = 4.36 ·10−3, εS = 2.88 ·10−3, 2.5δC = 6.88 ·10−4,

εC = 1.04 · 10−3. However, the spectral AFS then only

includes two true profiles. Since εS is smaller than

2.5δS , the value of εS is multiplied by 4. These val-

ues yield the relaxed outer and inner polytopes (colored

lines) shown in Figure 4. Under strict nonnegativity, the

corresponding AFS sets are empty.

3.3. Application to dataset 2

The same procedure is applied to dataset 2. Again, strict

nonnegativity leads to empty AFS sets. The statistical

estimates give εS = 1.84 · 10−2 and εC = 2.52 · 10−2, but

these values still result in empty feasible sets. Larger

thresholds are required; in this example, four times the
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estimated values are used. The resulting polytopes are

shown in Figure 6.

This dataset shows that the statistical procedure pro-

vides guidance but not definitive parameter values.

Manual adjustment may be necessary. A closer inspec-

tion indicates that the data require additional prepro-

cessing to improve the baseline. This topic is addressed

in Section 4.

3.4. Application to the model dataset 3

This section deals with the model dataset 3. Our aim is

to demonstrate that the proposed estimation of the con-

trol parameters yields meaningful results for noisy data.

Since the AFS sets and feasible bands of the noise-free

data are known, they serve as references.

For the noisy data, (7) results in δC = 0.0141 and

δS = 0.0126. These values are consistent with the im-

posed normally distributed noise of mean 0 and standard

deviation 1.5%. The minimal relative entry in the rank-3

reconstruction is

min(D(SVD))

max(D(SVD))
= −1.49 · 10−2.

Using (8), this leads to εC = 2.5·10−2 and εS = 2.3·10−2.

With these parameters, the AFS sets and feasible bands

are approximated reliably.

Figure 7 compares the AFS sets of the noise-free data

(εC = εS = 10−12) and the noisy data with the esti-

mated parameters. The sets are similar but not identical.

The displacement of the data points illustrates the influ-

ence of noise. In this example, the points in U-space are

more affected than those in V-space. Figure 8 shows the

corresponding feasible bands. The differences between

noise-free and noisy data are small. These results indi-

cate that the proposed estimation of εC and εS provides

useful and realistic approximations of the rotational am-

biguity.

4. Data preprocessing to enable AFS computations

Reliable estimation of the control parameters is nec-

essary for computing meaningful AFS approximations.

However, additional preprocessing of experimental data

may be required before the AFS computation can begin.

A common difficulty is baseline distortion. Even if the

measured data D are nonnegative, baseline artifacts may

prevent nonnegative or chemically meaningful factor-

izations and thus prevent the AFS computation. Another

situation occurs when moderately relaxed nonnegativity

constraints are satisfied in most frequency regions, but

violated locally. Since FACPACK applies uniform re-

laxation parameters across all frequencies, local base-

line errors cannot be compensated selectively. In such

cases, a two-stage baseline correction is recommended.

4.1. Two-stage baseline correction

In the first stage, a standard baseline correction is ap-

plied, for example by the rubber band method [43]. In

the second stage, an initial pure component decomposi-

tion is computed. The resulting profiles may be chemi-

cally meaningful but still exhibit baseline distortions in

one or more spectra. Let D denote the data after the first

baseline correction and assume an initial factorization

D = CS T. In the third step, a separate baseline correc-

tion is applied to S T. Broader regions with systematic

negative offsets are shifted upward, and regions with

systematic positive offsets are shifted downward. Let

S̃ denote the corrected spectra and define ∆S = S − S̃ .

In the final step, the baseline contribution is removed

from the data via D̃ = D −C∆S .

This procedure preserves information contained in

higher singular values and related singular vectors,

which would be lost if CS̃ T were formed directly. The

rank of the data matrix is preserved. Moreover, the cor-

rection is not fully tied to the initial decomposition, so

7
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residual inconsistencies remain visible instead of being

covered by the reconstructed product.
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Figure 9: The rhodium-catalyzed hydroformylation data after back-

ground subtraction. After applying a baseline correction similar to

the rubber band method, but based on cubic spline functions, the data

(gray lines and left plot in Figure 2) seems to be acceptable for an

analysis. However, it does not allow for a suitable AFS computation

because it is not nonnegatively factorizable and requires a baseline re-

finement, as shown in the right plot of Fig. 11.

4.2. Application to dataset 2

In Section 3.3, dataset 2 was used to illustrate the es-

timation of control parameters. However, a two-stage

baseline correction was required to obtain meaningful

AFS approximations. To clarify this point, we return to

the data after the first baseline correction and present the

intermediate results.

Figure 9 shows the data after background subtraction

and after an initial baseline correction based on splines,

similar to the rubber band method, see also Figure 2. In

the original data, the baseline is located around −0.02,

leading to more significant negative entries. After the

first correction, the data are essentially nonnegative.

Nevertheless, the ambiguity analysis remains unsatis-

factory.

Applying the parameter estimation described above re-

sults in εS = 1.89 ·10−2 and εC = 1.79 ·10−2. These val-

ues appear moderate. However, the resulting AFS does

not contain chemically meaningful profiles. Figure 10

shows the relaxed AFS sets together with a chemically

interpretable factorization.

The difficulty is the following: There exist nonneg-

ative factorizations that lack chemical interpretability.

Conversely, chemically plausible factorizations exhibit

broad negative regions in two pure component profiles.

These negative contributions cancel in the product D

and are therefore not visible in the data, but they ap-

pear in the factors. Increasing the relaxation parame-

ters further enlarges the feasible region uniformly over

all frequencies. The resulting AFS becomes excessively

wide and loses interpretative value.

For the final preprocessing step, we use the computed

factorization with chemically interpretable concentra-

tion profiles (center plots in Figure 10) and apply base-

line fine polishing to the three associated pure compo-

nent spectra. The corrected spectra, their deviations

from the initial profiles, and the resulting data are shown

in Figure 11.

The spectrum of the hydrido complex (yellow) is only

slightly modified. The spectra of the acyl complex

(blue) and the olefin (red) are shifted upward in spec-

tral regions with broad negative offsets. The spline-

based rubber band method is applied again. The in-

duced change in the data is small but essential for ob-

taining meaningful AFS approximations. The reference

profiles are already shown in Figure 2.

Figure 12 shows the AFS sets of the corrected data to-

gether with the noise indicators vi j. An additional plot

compares the singular values for three stages: no base-

line correction, standard baseline correction, and subse-

quent baseline fine polishing. The final adjustment has

no visible effect on the singular values. The data is only

minimally modified and the data structure is preserved.

In contrast, replacing the data by D(new) = CS̃ T, with

S̃ as in Section 4.1, would produce a rank-3 matrix and

remove higher-rank contributions unnecessarily.

The resulting control parameters are εS = 1.84·10−2 and

εC = 2.52 · 10−2. As before, the values obtained from

(8) are too small. The AFS set become meaningful after

the parameters are increased by a factor of 4.

5. The impact of noise on duality relations

This section analyzes how perturbations in one factor

influence the duality restrictions for the other factor.

The columns of C and S , and their low-dimensional rep-

resentations in the U- and V-spaces, are coupled by du-

ality [10, 26, 31, 36]. The SVD and the matrix T in (1)

are key to understanding duality since T and its invere

are the coupling elements between C and S . A single

profile in one factor restricts the admissible profiles in

the other. In low-dimensional coordinates, namely with

respect to the bases of singular vectors, duality is ex-

pressed as follows. Let x according to (3) denote the

representation of S (:, i) in V-space and y the representa-

tion of C(:, ℓ) in U-space with ℓ , i. Then

xTy = −1.

Hence, for a fixed profile S (:, i) with representation x ∈
M, all representations of C(:, ℓ), ℓ , i, lie on the affine

hyperplane

Hx = {y ∈ Rs−1 : xTy = −1}

in U-space.

We now assume that x is subject to uncertainty and

study the resulting variation of Hx. A complete error
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Figure 10: The problem of the poor baseline of the IR dataset 2. After the initial baseline correction, the data does not contain significant negative

entries (left plot in Figure 2). The inner and outer polytopes allow an enclosing triangle (left plots). However, the chemically meaningful factoriza-

tion contains significant negative entries (center plots) and the AFS sets do not contain the true solution (right plots). The points representing the

factorization from the middle plots are marked, but they are clearly outside ofMC andMS .
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Figure 12: Results after the two-stage baseline correction for dataset 2. Top row: The AFS sets, including the low-dimensional representations of

the computed profiles (stars). Second row: Values for the unbiased sample variance vi j from (6) in the frequency direction, as well as the singular

values of the data matrix after background subtraction, after the first baseline correction, and after the second baseline correction.

analysis cannot be presented here, even under assum-

ing normal distributed noise; see the discussion in Sec-

tion 5.4. Instead, the effect of perturbations is examined

by a case study based on random noise.

5.1. Noise models

To model uncertainty, assume that a pure component

spectrum a, for example obtained from a separate mea-

surement, is affected by noise. Let

ã = a + e

denote the perturbed spectrum, where e ∈ Rn represents

the noise.

The first question concerns the choice of a suitable noise

model. One option is to assume bounded perturbations

and model each component by a β-distribution

e j ∼ Beta(p, q).

This corresponds to prescribing an uncertainty band

around a, so that ã remains within fixed bounds. Such

a model represents measurement uncertainty by a tube

around a and allows one to study its effect on the dual

hyperplanes in the U-space; see the left plot in Fig-

ure 13.

Alternatively, the perturbation can be modeled by nor-

mally distributed noise with mean zero and variance σ2,

e ∈ Rn, e j ∼ N(0, σ2).

This model reflects random measurement noise without

explicit bounds.

5.2. A case study using dataset 1

The case study is based on dataset 1. The procedure is

as follows. Each pure component profile S (:, i) is per-

turbed separately. For every profile, N = 500 noisy re-

alizations ã are generated using random perturbations.

For each realization, we compute

1. the low-dimensional representation in V-space,

2. the corresponding dual hyperplane (line) in U-

space.

The figures referenced below only display the outer en-

velopes. They illustrate the range induced by the pertur-

bations in both spaces. This approach simulates an un-

certainty tube around the reference profile, in particular

when using the β-distribution, and visualizes its effect

on the dual constraints.
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Figure 13: Impact of noise in the dual space for dataset 1 using the β-distribution. Left: Perturbations generated with p = q = 0.1 and bandwidth

2ǫ/max(S (:, i)) for the respective spectrum, simulating an uncertainty tube around the solution. Center: Corresponding low-dimensional represen-

tations in V-space. Right: Envelopes of the resulting dual hyperplanes in U-space. The effect is significantly smaller for the red spectrum than for

the blue spectrum. This difference reflects the relative positions of their low-dimensional representations in V-space. In each experiment, only one

spectrum is perturbed, while the remaining spectra are kept fixed.

5.3. Results using the β-distribution

The true factor S T is taken as reference, and perturba-

tions are applied directly to it using the β-distribution

with mean 0 and bandwidth 2ǫ/max(S (:, i)) for ǫ =

0.03. For each profile S (:, i), i = 1, 2, 3, the noisy re-

alizations are generated as

S̃ ji = S ji +
ǫ

‖S (:, i)‖∞
e j, e j ∼ Beta(0.1, 0.1),

repeated N times.

The perturbed spectra, their low-dimensional represen-

tations, and the corresponding envelopes in the dual

space are shown in Figure 13. The perturbation pro-

duces a band of width 6% of the maximal absorption

around each profile. The low-dimensional representa-

tions in V-space form approximately circular regions.

The envelopes of the associated dual hyperplanes in U-

space exhibit curved boundaries resembling rotated and

skewed hyperbolas. These regions may be interpreted

as uncertainty sets (or sets of confidence) around the

unperturbed representations, although not in a formal

statistical sense.

5.4. Results using the normal distribution

Next, noise is modeled by a normal distribution with

mean 0 and variance σ2 = 0.025. Although this dis-

tribution is analytically convenient, it does not allow a

direct characterization of the induced distribution in the

low-dimensional coordinates.1 Therefore, the perturba-

tions are generated numerically and their effects in the

V- and U-spaces are examined.

Figure 14 shows the results. They are similar to those

obtained with the β-distribution. The low-dimensional

1The difficulty arises from numerical integration when computing

the expectation of the low-dimensional representation. Scaling by 1

in the first column of T and dividing by the contribution of the first

singular vector may result in division by 0.

representations in V-space form approximately ellip-

soidal regions that are slightly stretched in radial direc-

tion from the origin.

5.5. Different sensitivities in the dual space

Figures 13 and 14 show that dual hyperplanes are par-

ticularly sensitive when the corresponding point in the

V-space is close to the origin. Consequently, duality

restrictions derived from measured spectra with small

‖x‖ are more affected by perturbations than those asso-

ciated with points farther from the origin. This behavior

is consistent with Lemma 3.7 in [36]: Let x be a point

in V-space, y a point on the dual hyperplane Hx in U-

space, and δx a perturbation of x. Neglecting quadratic

terms, the perturbation δy in U-space satisfies

‖δy‖ ≥
|δT

xy|
‖x‖ .

Hence, the sensitivity increases as ‖x‖ decreases.

A further relation concerns angles. Lemma 3.8 in [36]

for s = 3 and Lemma 3.79 in [29] show that the an-

gle between x and x + δx in V-space equals the angle

between the corresponding dual hyperplanes Hx and

Hx+δx
in U-space,

∡
(

x, x + δx

)

= ∡
(Hx,Hx+δx

)

.

Both effects are illustrated in Figure 15. Note that in

both U- and V-space the y2 and x2 axes, respectively,

have a larger scaling than the y1 and x1 axes, which in-

fluences the visual impression of sensitivity.

6. Sensitivity indicator for the data points

This section analyzes the sensitivity of individual data

points of the mixed spectra with respect to noise. The

distributions of the data points in the U- and V-spaces in

Figures 4 and 6 indicate substantial differences in noise
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Figure 14: The impact of noise in the dual space for dataset 1 using the standard normal distribution to model noise. Left: each pure component

spectrum is perturbed N = 500 times. Center: Low-dimensional representations in the V-space. Right: The envelopes of the dual hyperplanes in

the U-space corresponding to the perturbed points.
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Figure 15: The sensitivity of the duality restriction in the U-space depends on the distance of the points from the origin in the V-space, and vice

versa. Left: two series of points in V-space for dataset 1. Right: the associated dual lines in U-space. Small changes to points far away from the

origin result in small changes of the dual lines, while small changes to points close to the origin result in larger changes to the dual lines.

sensitivity. These points are the low-dimensional rep-

resentations of the columns and rows of D. If a row

or column of D contains entries close to zero, its rep-

resentation is typically more sensitive to perturbations.

This phenomenon is known from the concept of essen-

tial data points [6, 32]. For noisy data, essential points

are more reliably identified by numerical criteria than

by direct geometric conditions [38].

The data points in the V-space are given by ai in (4), and

the data points in U-space are bi with

bi =
(VΣ1/2)T(2 : s, i)

(VΣ1/2)T(1, i)
, i = 1, . . . , n.

For the Euclidean norm of ai, and thus its distance from

the origin, we have

‖ai‖2 =
∥
∥
∥U(i, 2 : s) · diag

(√
σ2, . . . ,

√
σs

)∥∥
∥

2

Ui1

√
σ1

with the singular valuesσ1, . . . , σs of D. (The first right

singular vector U(:, 1) can be assumed component-wise

strictly positive for an irreducible matrix DT D.) If, for a

given i, the denominator Ui1

√
σ1 is small in magnitude

while at least one numerator Ui j
√
σ j, j ∈ 2, . . . , s, is not

small, then ‖ai‖2 becomes large. In this case, the point

ai is likely to lie far from the origin and may violate the

constraint ai ∈ FS .

To quantify this effect, we introduce the sensitivity indi-

cator e(a) ∈ Rk defined by

e
(a)

i
= max

j=2,...,s

∣
∣
∣
∣
∣
∣

Ui j
√
σ j

Ui1

√
σ1

∣
∣
∣
∣
∣
∣
, i = 1, . . . , k. (9)

Large values of e
(a)

i
indicate increased sensitivity of the

corresponding data point in V-space.

Analogously,

‖bi‖2 =
∥
∥
∥V(i, :) · diag

(√
σ2, . . . ,

√
σs

)∥∥
∥

2

Vi1

√
σ1

and we define the sensitivity indicator e(b) ∈ Rn by

e
(b)

i
= max

j=2,...,s

∣
∣
∣
∣
∣
∣

Vi j
√
σ j

Vi1

√
σ1

∣
∣
∣
∣
∣
∣
, i = 1, . . . , n, (10)

As before, large values of e
(b)

i
indicate higher sensitivity

of the corresponding data point in the U-space to noise.

In IR or Raman data, this situation occurs when Vi1

√
σ1

is small while at least one term Vi j
√
σ j, 2 ≤ j ≤ s,

remains significant. Figure 16 displays the sensitivity
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Figure 16: Sensitivity indicators for the data points in the datasets 1 and 2. Small values in e(a) indicate a low sensitivity of the data points in

V-space, while some high values in e(b) indicate a high sensitivity of the data points in U-space. See Figures 4 and 6 for more information.

indicators for datasets 1 and 2. For both datasets, the in-

dicators e(a) are small, showing that the data points ai in

V-space are relatively stable. In contrast, several entries

of e(b) are considerably larger, indicating that the data

points in U-space are more sensitive to perturbations.

The indicators e(a) and e(b) characterize the sensitivity

of the data points and thus of the inner polytope. They

also reflect the sensitivity of the outer polytope in the

dual space, since data points are dual to facets of the

dual outer polytope. For the outer polytopes, the roles

of V- and U-space are interchanged; see Figures 4 and

6. For both datasets, the facet-defining conditions of the

outer polytopes (gray lines) are much more sensitive in

V-space than in U-space.

7. Outlook

The selection of suitable control parameters is decisive

for analyzing the rotational ambiguity of an MCR solu-

tion. This paper proposes procedures to approximate the

AFS based on statistical arguments and on our practical

experience from applying AFS computations to experi-

mental data over the past years. The proposed rules pro-

vide guidance but do not constitute a universal method.

Parameter values must be chosen and adapted to the spe-

cific dataset. It is advisable to vary them within a rea-

sonable range and assess the stability of the resulting

AFS. The presented examples show that the approach

yields meaningful approximations in typical situations.

The procedure does not compensate for an inadequate

baseline correction. Baseline distortions are systematic

effects, whereas the aim here is to quantify and accom-

modate predominantly random noise. Further aspects

remain open. In systems with large differences in maxi-

mal absorption between components, minor species are

often more strongly affected by noise. Their profiles are

typically associated with later singular vectors and are

therefore more sensitive to perturbations than dominant

components. This issue will be addressed in a forth-

coming paper. The influence of systematic, non-random

noise is also not considered here. If such effects are pro-

nounced, and if the noise levels are too high, it may be

impossible to make a reasonable approximation of the

AFS sets and feasible bands.
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