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Abstract

Peak Group Analysis (PGA), an MCR algorithm, has proven to be very successful in extracting pure component

spectra and concentration profiles from IR and Raman spectral data when investigating carbonylation reactions with

transition metal catalysts. In this field of study, mixture spectra typically exhibit high spectral selectivity, meaning

certain peaks belong exclusively to a single chemical species. Under this condition, PGA can extract the associated

pure component spectrum from the mixture spectra, and there is no factor ambiguity in these profiles. Here, we

present a short mathematical proof of this remarkable PGA property.
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1. Peak group analysis

Peak Group Analysis [25, 26] is a multivariate curve resolution technique used to recover pure component spectra

from (time-)series of mixture spectra. Given a series of k mixture spectra, each with n channels, in the form of a

k × n matrix D for a chemical system with s chemical species, the goal is to find the pure spectra S ∈ R
n×s and the

associated concentration profiles C ∈ Rk×s such that

D = CS T + E (1)

according to the Lambert-Beer law. The matrix elements of the error matrix E are close to zero and represent the

impact of noise, instrumental distortions, small deviations from strict bilinearity, and other perturbations. Many

multivariate curve resolution techniques have been developed to solve the (approximate) pure component factorization

problem (1), see the references [3, 4, 17, 20, 21] and many others. A major problem for any MCR technique is the

factor ambiguity, or the fact that the factorization problem often has multiple solutions. These solutions can be

grouped into sets of pairs of feasible factors (C, S ) for which Equation (1) is satisfied. See [2, 3, 10, 17, 28] for

more information on the factor ambiguity, also known as rotational ambiguity. Factor ambiguity can be reduced when

additional information about the chemical system is available. Such information includes selectivity constraints, lo-

cal rank conditions, the partial knowledge of some pure component profiles, kinetic models, unimodality of certain

concentration profiles, among other, see for example [5–7, 16, 24], as well as the references cited within them. These

conditions and factorization constraints can reduce the factor ambiguity (rotational ambiguity) even up to unique pro-

files. A key work on data-based uniqueness is [23] with its analysis in the framework of the Area of Feasible Solutions

(AFS). See also [1, 27] and their references for an overview on related work. The present work is related to all these

analyses, but does not include an analysis of the impact of optimization constraints on the factor ambiguity. Instead,

we assume a full spectral selectivity for each chemical species, which implies a strong local rank assumption. The core

part of this work is a simple and short proof showing that full selectivity (as defined below) is sufficient for unique

pure component factors.

1.1. Industrial process driven application of PGA

Here, we assume spectra with relatively sharp and partially isolated peaks, some of which are caused by only a

single chemical species. This situation is commonly encountered in the in situ FTIR spectral analysis of rhodium-,

cobalt-, and iridium-based catalysts for the homogeneously catalyzed hydroformylation of olefines. Hydroformyla-

tion is a multi-step catalytic process. In general, carbonylation processes are large-scale industrial processes, so a

detailed understanding of them is important. We found that PGA is very useful for analyzing FTIR spectroscopic data

gained from such chemical reactions because it can often determine true pure component spectra without any factor

ambiguity. Since our initial work with PGA [25], the method has been further developed through collaboration be-

tween research and industrial chemists and numerical mathematicians. One goal of PGA is to extract pure component
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spectra of low-concentration, catalytically active species. The chemical background problem is the detailed analysis

of the mechanistic and kinetic aspects of carbonylation reactions, particularly the hydroformylation process with tran-

sition metal complexes as catalysts [8, 11–14, 19, 30]. The questions concern the formation of the catalyst, the various

intermediates involved in the catalytic cycle, the dormant states of the catalyst, and the decomposition of the catalyst.

For these types of reaction, IR spectroscopy using a high-pressure transmission IR flow cell is a well-established and

powerful technique [9]. The resulting IR spectra are characterized by many more-or-less well separated relatively

sharp peaks.

1.2. Spectral selectivity

In situ FTIR spectroscopic data of transition metal carbonyl complexes acquired during carbonylation reactions

typically shows partially isolated peaks that are caused by only a single chemical species. This situation is referred

to as spectral selectivity in chemometrics. For more information on this concept, see the work of Kvalheim and

Liang [15] and Tauler, Smilde and Kowalski [29]. Selectivity is a well-known, very strong criterion for recovering the

chemically correct profiles.

Selectivity is often found in the concentration space, namely zero-concentration windows can be identified for

certain chemical species. This allows the spectral data matrix to be subdivided into submatrices. Then MCR is

applied to these submatrices. The reduced number of chemical species makes the subsystem problems easier to solve.

Numerical rank calculations for submatrices of the full spectral data matrix support the process of finding selective

regions and to estimate the number of chemical species contributing to these regions. The submatrix rank is called

the local rank. In the best possible situation, if the local submatrix has a rank of 1 and there is local selectivity, then

the ambiguity of the concentration or spectral profile of this species is reduced to uniqueness. This is called a unique

resolution.

Here, the spectroscopic dataset comes from in situ FTIR spectroscopic measurements on the reactions introduced

in Section 1.1. These data often exhibit the strongest form of spectral selectivity, namely that for each of the catalyst

species (e.g., precursor, active catalyst complexes with different ligands, intermediates, dormant or partially decom-

posed species) at least one single-peak spectral window exists to which (approximately) only this chemical species

contributes. We call this extreme form of selectivity a full spectral selectivity. Given this strong assumption, PGA can

recover the pure component spectrum of this species across the full frequency range of the spectral measurements.

This property is proven in this work.

2. PGA algorithm

Next, we briefly review the concept of PGA and its automated peak detection as presented in [26]. See Algorithm

1 for the basic workflow of PGA. The process begins with the rank-s spectral data matrix D, its singular value de-

composition D = UΣVT and the assumption that the dataset contains isolated peaks due to a relatively high degree of

spectral selectivity. Step 1 involves PGA scanning the mixture spectra for peak positions automatically. The detection

criteria are explained in detail in [26]. Step 2 is the most important step in the PGA algorithm. In this step, the Eu-

clidean norm ‖z‖2 of a vector z is minimized subject to a componentwise nonnegative linear combination Vz where V

is the orthonormal matrix of right singular vectors of D. In typical SVD-based MCR techniques, these columns of V

serve as the basis for representing the desired pure component spectra. PGA works under the additional constraint that

(Vz)ℓ = 1 for a peak channel index ℓ of interest. A more detailed explanation is given in Section 3. The minimization

of ‖z‖2 (or equivalently of ‖Vz‖2 = ‖z‖2 by orthonormality of V) is the key to PGA. This minimization is related to

the minimum-energy criterion for selecting solutions in [22], and the geometry of the PGA-optimization problem is

similar to that of image restoration by convex projections in [32]. Thus, the given problem can be considered as a

source energy minimization problem.

In other words, the idea behind PGA is to reconstruct a peak at channel index ℓ without “wasting” too much signal

Vz in other regions of the spectrum. Mathematically, this is achieved by minimizing ‖Vz‖2. The smoothness of Vz is

an additional possible soft constraint among others. Thus, PGA determines an associated potential pure component

spectrum Vz for each detected peak with the channel index ℓ. Since the number of peaks is typically much greater

than the number of chemical species, some of the spectra appear multiple times in the list of found spectra. Step 3

involves clustering the spectra that were found multiple times using a correlation analysis. The resulting spectra can

be columnwise inscribed the matrix S . In Step 4, the concentration matrix factor C can be calculated as C = D(S T )+

using the pseudoinverse (S T )+ of S T .

The aim of this paper is to provide a mathematical justification that the pure component reconstruction can work

by the norm minimization of z subject to Vz ≥ 0 and (Vz)ℓ = 1. What we additionally assume is a high degree of se-

lectivity. In this proof, we can skip all other penalty terms in the minimization. Then a vector z solving the constrained
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Workflow: Peak Group Algorithm (PGA)

Step 1. Peak Detection [26]

Input: Spectral data matrix D, weights for peak detection criteria, sensitivity level.

The algorithm scans the mixture spectra to identify peak locations. The scanning uses first derivatives

of the mixture spectra along time/frequency axis, discrete derivatives of the right singular vectors, and

variances of the spectra in frequency and time direction .

Step 2. Constrained Optimization

For every detected peak with the channel index ℓ, a potential pure component spectrum Vz is calcu-

lated by constrained optimization to determine the vector z that solves the minimization problem

min
z
‖Vz‖2 +

q∑

i=1

γi gi(z) subject to (Vz)ℓ = 1

with weights γi ≥ 0 for the constraint functions gi(z), which are

• Nonnegativity constraint g1(z) = ‖Vz − abs(Vz)‖2
2

with the componentwise absolute value func-

tion abs.

• Smoothness penalties (discrete 2nd derivative of Vz).

• Further penalties on a small distance to given spectra, a low correlation with other spectra etc.

Step 3. Clustering

The resulting set of spectra can be redundant. A final correlation analysis groups similar spectra

(duplicates) to produce the distinct chemical spectra list, which is written in the columns of the spectra

matrix factor S .

Step 4. Calculation of concentration profiles

The associated concentration matrix factor is calculated by C = D(S T )+ using the pseudoinverse

(S T )+ of S T .

Algorithm 1: The basic workflow of PGA as explained in Section 2.
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Figure 1: In situ FTIR data set from a sequential dosage experiment under hydroformylation conditions based on the Rh(acac)(CO)2 /(P∩P)

catalyst system with P∩P= BiPhePhos. Left: time resolved spectral series from a stepwise dosage of chemical components/complexes in the in situ

transmission FTIR reactor system. The numbers refer to the dosage steps when reactants were introduced into the reactor system or the gas compo-

sition was altered. Number 1, which relates to the solvent, does not appear due to background subtraction. 1) Solvent (Cyclohexane), 2) IR-standard

(Diphenylcarbonate), 3) Ligand (BiPhePhos), 4) Gas 1 (CO/H2), 5) Rh-precursor (Rh(acac)(CO)2 ), 6) Gas 2 (CO/D2), 7) Gas 1→3 (CO/H2 →CO),

8) Gas 4 (Ethene). Right: PGA can extract nine pure component spectra comprising organometallic complexes, organic components and dissolved

gases. The respective pure component spectra are given in an arbitrary order.

minimization problem can be proved to result in a pure component spectrum Vz. The mathematical formulation of the

minimization problem is

min
z
‖z‖2 subject to Vz ≥ 0 and (Vz)ℓ = 1.

Figure 1 serves to illustrate PGA. We consider an FTIR dataset from a sequential dosage experiment for the

identification of involved species of a rhodium-based hydroformylation reaction system [18]. PGA can extract nine

pure component spectra. The numbers 2–8 refer to the dosage steps when reactants were introduced into the reactor

system or the gas composition was altered. Some of the extracted component spectra contain slight spectral artifacts

such as shoulder contributions and small negative signals. The causes can be multifold: collinearities in the temporal

evolution and strong spectral overlapping of multiple components, perturbation effects and background subtraction

issues.

3. PGA for data with full spectral selectivity

3.1. Case of ideal, non-perturbed data

The starting point is the spectral data matrix D ∈ R
k×n. We ignore noise or other perturbations in the following

analysis. However, the numerical PGA algorithm can handle noise and other perturbations, see Section 3.2. The

spectral data matrix is assumed component-wise nonnegative, i.e. D ≥ 0, and that its rank number equals the number

of chemical species s. The singular value decomposition of D is

D = UΣVT

with rectangular orthonormal matrices U ∈ R
k×s and V ∈ R

n×s. All singular values σ1, . . . , σs are strictly positive

resulting in the regular diagonal matrix Σ ∈ Rs×s of singular values. The left and right singular vectors form the bases

for the pure component factors C and S T . In an ideal, noise-free situation, the pure component matrix factors are

representable as C = UΣT−1 and S T = TVT , with an unknown s × s regular matrix T . The desired pure component

factorization then reads

D = CS T

with C ∈ R
k×s and S ∈ R

n×s. The true concentration profiles and pure component spectra are the columns of these

matrices.

The key steps of a PGA application to this ideal, non-perturbed data matrix D are as follows:

1. Find all peaks in the series of spectra that is stored in the rows of D.

For the found peaks i = 1, . . . , #MaxNumberOfPeaks let the set

I = {ℓi : ℓi is the channel index of the maximum for the ith peak} ⊂ {1, 2, . . . , n}

collect the frequency channel indexes at the peak maxima.
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2. For each ℓ ∈ I find a nonnegative linear combination Vx ≥ 0 so that Vx reproduces the peak in a way that

(Vx)ℓ = 1 (peak height normalized to 1) and where x is of smallest Euclidean length. Orthogonality of V

implies that ‖x‖2 = ‖Vx‖2 so that also the spectrum Vx has a smallest sum of squares; compare this with the

similar optimization in [31]. Hence, the vector x of smallest Euclidean norm is the solution to the minimization

problem

x = arg min
z
{‖z‖2 : Vz ≥ 0, (Vz)ℓ = 1}. (2)

(In words, this equation says that x is just the vector z of smallest Euclidean length so that the nonnegative linear

combination Vz reproduces the peak (Vz)ℓ = 1. This is expressed by the argument operator, arg, which makes x

equal to the minimizer z.)

The following theorem analyzes the peak construction principle underlying Eq. (2) under the assumption of full

spectral selectivity. The key point is that for a given channel index ℓ a linear combination of the right singular vectors

is sought, which does not “waste” components of z to form linear combinations Vz in a way that the local peak is

reconstructed (i.e. (Vz)ℓ = 1). The “minimum source energy” concept aims to prevent other chemical species to con-

tribute to the linear combination Vz. This condition can be fulfilled by a smallest Euclidean norm of the vector z of

mixing coefficients. In this way, the theorem proves that full spectral selectivity is sufficient for Vx, x by Eq. (2), to be

a true pure component spectrum.

Theorem 3.1. For the given spectral data matrix D and for the set I of peak positions let full spectral selectivity be

fulfilled. This means that for each chemical species p = 1, . . . , s, there is a frequency channel ℓp with

S (ℓp, p) > 0 nonzero absorption by the species p at channel ℓp,

S (ℓp, j) = 0 ∀ j , p no interfering absorption by other species.
(3)

(In words, the pure component spectrum S (:, p) of the pth chemical species has at least one frequency channel ℓp

where only this species has nonzero absorption among all species.)

Then, from given D, all pure component spectra S (:, p), p = 1, . . . , s, can be recovered (up to multiplicative

constants). The concentration factor is also uniquely determined (columnwise up to multiplicative constants).

Proof. If the peak position ℓp satisfies (3) for the chemical species p and if Vx according to (2) fulfills (Vx)ℓp = 1,

then it holds that

Vx =V arg min
z
{‖Vz‖2 : Vz ≥ 0, (Vz)ℓp = 1} by (2) with ‖z‖2 = ‖Vz‖2

=DT UΣ−1 arg min
z
{‖DT UΣ−1z‖2 : DT UΣ−1z ≥ 0, (DT UΣ−1z)ℓp = 1} by V = DT UΣ−1

=DT arg min
y
{‖DT y‖2 : DT y ≥ 0, (DT y)ℓp = 1} by setting y = UΣ−1z

=S CT arg min
y
{‖S CT y‖2 : S CT y ≥ 0, (S CT y)ℓp = 1} by DT = S CT

=S arg min
w
{‖S w‖2 : S w ≥ 0, (S w)ℓp = 1} by setting w = CT y

=S arg min
w
{‖

s∑

i=1
i,p

wiS (:, i) + wpS (:, p)‖2 : S w ≥ 0, (S w)ℓp = 1}.

Assuming wm < 0 for an m ∈ {1, . . . , s}, then S (ℓm,m) > 0 by (3) implies that wmS (ℓm,m) < 0. Hence with

S (ℓm, j) = 0 for all j , m it holds that (S w)ℓm < 0. Such a vector w is not feasible for the minimization because it

breaks the constraint S w ≥ 0. Hence wm ≥ 0 for all m. Then all summands in the norm ‖
∑

i,p wiS (:, i) + wpS (:, p)‖2
are nonnegative and the minimum with respect to w can only be attained if wi = 0 for all i , p, but for wp the

normalization constraint holds. Hence

Vx =S arg min
w
{‖wpS (:, p)‖2 : S w ≥ 0, (S w)ℓp = 1}

=S (:, p)/S (ℓ, p)),

where in the last step the minimizer is w = ep/S (ℓp, p). Therein, ep is the standard basis vector (pth column of the

identity matrix).

The resulting equation Vx = S (:, p)/S (ℓp, p)) says the desired spectrum S (:, p) of the pth chemical species equals

Vx times the (nonzero) scaling constant S (ℓp, p). The concentration factor is given by C = D(S T )+ with the pseu-

doinverse of the found factor S T .

The proof shows that under the assumption of full spectral selectivity, the true factors C and S T can be recovered

(up to the trivial and principally unavoidable scaling ambiguity).
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3.2. PGA analysis of experimental data

Experimental spectral data can only approximately fulfill the full spectral selectivity assumption made by Thm. 3.1.

A major perturbation is often instrumental noise, which is well-known to increase the number of nonzero singular val-

ues. For a low noise level, the dominant nonzero singular values belonging to the essential chemical information are

well separated from the other singular values close to zero. In the numerical PGA algorithm, see [26] , the truncated

SVD implements a noise filtering step by ignoring the near-zero singular values. Furthermore, baseline residuals can

violate the assumption (3) due to an imperfect baseline correction step. These and other data perturbations must be

successfully addressed. The numerical PGA algorithm [26] uses penalized nonlinear optimization to construct local

peak approximations with respect to the basis of the right singular vectors belonging to the dominant singular values.

This stabilizes the computation and steers the numerical calculations in the desired direction, yielding results similar

to those attainable with ideal, non-perturbed data. Here, we do not explain all the approaches to make the numerical

PGA algorithm to work in a stable way. Instead, we refer to the references [25, 26] for details on the constrained

minimization problem and its numerical solution. The scope of this paper is restricted to providing a mathematical

analysis demonstrating that the idealized limit case of full selectivity is sufficient for constructing the pure components

without any factor ambiguity.

4. Conclusion

Selectivity is a well-known and very useful criterion in MCR analyses, in order to extract pure component spectra

or concentration profiles of pure components of one or more of the chemical species in a chemical reaction. Full

spectral selectivity is an extreme and idealized case that helps to understand the effectiveness of PGA in MCR analyses

of in situ IR and Raman spectroscopic data collected during homogeneously catalyzed carbonylation reactions. A

program implementation of PGA for the analysis of experimental data is available in our FACPACK software, which

is freely available from our website:

https://www.math.uni-rostock.de/facpack

Our current focus in the PGA development is on the fast online/real-time data analysis of the spectral data stream

produced in chemical laboratories and industrial processes.
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